Eur. Phys. J. D 33, 357-386 (2005)
DOI: 10.1140/epjd/e2005-00066-0

THE EUROPEAN
PHYSICAL JOURNAL D

Effective Hamiltonian approach to doubly degenerate electronic

states

| — Theory and applications to E ® (b; + by) and related Jahn-Teller systems

F. Michelot!® and M. Rey?

! Laboratoire de Physique de L’Université de Bourgogne, CNRS UMR 5027, BP 47870, 21078 Dijon Cedex, France
2 Groupe de Spectrométrie Moléculaire et Atmosphérique, CNRS UMR 6089, BP 1039, 51687 Reims Cedex 2, France

Received 4 March 2005

Published online 12 May 2005 — (© EDP Sciences, Societa Italiana di Fisica, Springer-Verlag 2005

Abstract. Several problems in vibronic spectroscopy are solved within the effective Hamiltonian formalism
combined with Lie algebraic methods. We consider mainly vibronic interactions in orbital doublets for
molecules with a principal symmetry axis of order n = 4k (or n even for D, 4 symmetry groups). Effective
Hamiltonian models for £ ® (b1 + b2), E ® (b; + a;) and E ® (b; + ¢) Jahn-Teller dynamical systems are
discussed as well as some correlations with previous studies established.

PACS. 03.65.Fd Algebraic methods — 33.20.Tp Vibrational analysis — 33.20.Wr Vibronic, rovibronic, and

rotation-electron-spin interactions

1 Introduction

Since the seminal paper by Longuet-Higgins et al. [1]
giving the energy levels of E ® e Jahn-Teller (JT) sys-
tems in symmetrical molecules, many studies have been
devoted to this kind of vibronic systems, especially in
cubic symmetry. In such situations an electronic orbital
doublet is coupled to a doubly degenerate vibration (or
to a pair of phonon modes). Extensions are the multi-
mode E® ) e cases and a nearby problem is the so-called
E® (by + by + ---) case in which two non-degenerate vi-
brations are involved. The theory of the static and dy-
namical JT effects in localized systems has been discussed
in several monographs or review articles [2-4]. More re-
cent reviews about the current status of JT theory with
extensive bibliographies can be found in [5-9].

For some times there has been a renewed interest in
the search of analytical approximate solutions since they
allow to explore areas which are not reachable through
purely numerical methods [10-13]. However the well rec-
ognized [3,4,14-16] high symmetry of the zeroth order
problem is rarely used to its full extent.

The aim of the present work is to establish a frame-
work for a unified treatment of rovibronic interactions in
doubly degenerate electronic states. This is possible if one
starts with a complete sets of electronic and rovibrational
operators built from the knowledge of the zeroth order
symmetry algebras. The space of states span well defined
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irreducible representations (irreps) of these algebras and
all the necessary matrix elements are obtained through
standard methods. Symmetry adaptation in the molecu-
lar point group G can be made through various methods
and heavily relies on physical assumptions concerning the
dominant interactions breaking the zeroth order symme-
try. As an aside it appears that the various forms of vi-
bronic Hamiltonians given in the literature describing lin-
ear couplings in such systems are simply related through
a change of the orientation for the E irrep of G.

The general features of our formalism are presented in
the first part of this paper. Our assumptions are clearly
specified and the restriction to doubly degenerate elec-
tronic states is developed next. The preliminary results
obtained in a previous work [17] lead us to a natural di-
vision in two main cases determined by the reduction of
the symmetrized product [E x E].

The following sections deal with electronic states for
which [E x E] is of type A; + By + Bs. Several zeroth-
order effective Hamiltonian models are considered for
E® (b1 +b2), EQ (b +a;) and E® (b; + ¢) JT systems.
In each case exact eigenvalues and symmetry adapted
vibronic eigenstates are obtained. The determination of
these symmetry adapted states is important for the inclu-
sion of higher order interactions or intensity calculations.
Whenever possible the relation between our approach and
previous studies is made. In two cases the exact uni-
tary transformation between the untransformed vibronic
Hamiltonian and the effective associated model is found.
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2 Working assumptions

In what follows we restrict ourselves to semi-rigid non lin-
ear molecular systems in a degenerate electronic state to
which is associated an irrep I, of the molecular point sym-
metry group GG. We assume that in first approximation the
Hamiltonian which includes electronic, vibrational and ro-
tational degrees of freedom is invariant with respect to
transformations of a certain Lie group or more precisely
that it admits a certain Lie symmetry algebra A. We fur-
ther assume that A may be taken as as a direct sum
of Lie algebras associated with each degrees of freedom:
A=A @& A, ® A,.. This is probably not the most gen-
eral solution but it reflects the orders of magnitude for
the various interactions commonly found for the consid-
ered molecular systems. When we go beyond the zeroth
order the preceding high symmetry is usually broken and
we have a chain

Acd A, & A D - DG, (1)

where the dots --- mean that in general we have sev-
eral possibilities. 4 must have one (or several) irrep
Ae X A,y x A, which generate the space of states and whose
subduction in the chain (1) gives appropriate symmetry
adapted states.

At this point, reminding that all classical Lie algebras
admit bosonic (or fermionic) realizations, the construction
of all possible operators acting within A, x A, x A, can be
made. This is not necessarily an easy step especially if one
wants to build operators which are symmetry adapted in
the whole chain. Rovibronic states and operators can be
written in a general manner

[[{'Ye}@([‘e) x{'Yv} g}(Fv)](Fev) X{VT} W(FT)]{'Y}(FevT) =

HYe ey {vo H v, Tew, {0 s AV H eor)
= |{v}g;(11m-)>7 (2)

{”}O(Cevv‘) — [[{”e}E(CE) X{K"} V(Cv)](cev)

X{”r} R(Cr)]{”}(cevr)7 (3)

where the indices ~; and k; represent the additional labels
needed to fully specify states and operators. In equation
(3) Ceyr is the scalar representation Iy of G for an Hamil-
tonian operator or one of the appropriate irrep of G for
transition moments. Besides we assume that these opera-
tors satisfy the usual properties of hermiticity and invari-
ance upon time reversal. All the necessary matrix elements
are calculated by standard techniques. The Wigner-Eckart
theorem gives

Y Lewr) | {r} (Ceur
(g eor) € }O(e )

o

{’Y}W(o]_ﬂeur)> —

0 o (Il,)*

evur

(Cem“ Fevr) o’

< (VMo [P0 {9} ), (4)

., ] :F

evr
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where the F' coefficients are Clebsch-Gordan coefficients
(CGC) for G and the reduced matrix elements given by

(Y3, || T OCen)

|{’Y}Fev7') =

Cev Fev Fé’u
c, I, T

Cem“ Fe'u'r‘ Fém«

[N

(Lo eor ] [Covr] T [Ten][Ceo])

c. I. I
x<¢ Cy, I, I
CC’UFC’UFI

< ({3 D[V [ {y ) )
< ({y 3 O R (e} 1), (5)
where {...} are 9 — C symbols of G. At this point a few
remarks are in order:

(L3t B[ {ye} 1)

(i) in the preceding equations (4, 5) the Wigner-Eckart
theorem has been applied at the G level; this is not
always the best option but it simplifies the presenta-
tion of the method. We also assume that all products
of irrep of G involved are multiplicity free, as it will
be the case in this paper. Non multiplicity free cases
can be handled along the same lines with the addition
of multiplicity indices appropriately;

the coupling schemes in equations (2, 3) assume a
preponderant interaction between electronic and vi-
brational degrees of freedom. Other situations could
be considered and treated either directly through a
different coupling scheme or obtained from this one
through standard recoupling techniques;

if the algebras A; and irreps A; have been appropri-
ately chosen with a formal expansion of the form

(iil)

H=Y" tig:}} [[(5ed ) x {m} 17(C0))(Ce)
ki,Ci
x et RGO ()

one must be able to represent any “untransformed”
Hamiltonian as well as any effective one. This point
will be illustrated in the following for the specific sys-
tems under study.

3 Further restrictions

For all molecular systems the treatment of rotational de-
grees of freedom is rather well established, even if different
approaches are used [18,19]. The simplest algebraic chains

03) D0(2),0r0O3),> G
Jr m Jr n,.Cro,

are commonly used and allow to get a set of rotational

operators

R-Q(é(g) or Rg(fg) :R‘Q(Kgé_nrcr)7
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where (2 is the degree with respect to the so(3) genera-
tors. Compact dynamical algebras and their bosonic re-
alizations have also been proposed [20]; they allow more
general operators to be built.

In this paper we will restrict to vibronic interactions,
which amounts to take R(C") as the identity operator in
equation (2). We thus write vibronic states and opera-
tors as

[{’YS}W(FE) X{'Yv} W(Fv)]{'yev}(Fev) =
e e, {0} Do {ew M ew) = (evbg(Tew),
{”}O(Cev) — [[{K/E}E(CC) X{Kv} V(CU)]{Kev}(Cev),

and equations (4, 5) reduce to

<{%U}@( >|{f<ev}0(cev)|{veu}g;a vy =

0 ey (I),)x
Cey Fev) o!

ev

({P)/e'u} ev ||{H6U}O(Cw) | |{7€7J}F67J)7

with for the reduced matrix elements

ev

e ]7§F(

({’yév}Fév”{KW}O(CEU)||{’7€’U}F€’U) =

c. I. I
x¢ Cy, I, I}
I

Cev ev 1 ey

(v LNt B (e} 1)

X ([T )T 0] [Cen]) 2 (o} TN V) {0} )
In the following section we specify the electronic operators
and states adapted to cases where I is of the E type and
the vibrational operators we will use.

(10)

4 The case of electronic states with E
symmetry type

As we shall consider only electronic states of type E
(and G’ in part II) it is better to refine the classification
of groups introduced in [17,21]. In fact if we denote E,
(or Eyq) the irrep of G spanned by the electronic states of
type E it follows that we have fundamentally two cases
according as the reduction of the symmetrized square
[E. x E.] = [E.]? = Iy + I contains either an E type ir-
rep or two one dimensional B; and Bs type irreps. This is
summarized in Table 1 for groups in G ;) = Cpy, Dy, Dpa
(n even), Tg, O. For groups in G ;1) we have the rules:

L] D2p+1h = D2p+1 X CSZ for ET = E;

or E, = E! add a’ to I' in column for Dayy1,
® Dopp, = Doy x Cy: for B, = Eyg

or B, = E,, add a g to I" in column for Dy,
b D2P+1d = D2P+1 X Cz for ET‘ = E7'g

or B, = E,, add a g to I" in column for Dy 1,
0O, =0 xCy: for B, = E,

or £, = F, add a g to I' in column for O.

(11)
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Table 1. I" C [E,]? for groups in G(r).

r Dopi1 Dy, Dspq  Case
Copiiv Caopy
T4, O
Bi + B2 r=25 r=p (i)
Ea, r<Z rgpglp odd r<p (i)
r<fpev
En_ar r>2 r>2tpodd (iii)
r>2& 5 D even
Eon—or r>p (iii)

We have thus two main cases according as I is of type B+
Bs or E. This latter case also includes cubic groups for
which there is only one FE type irrep (two in O, differing
in parity only) and which are the only ones which admit G’
electronic states alsol.

4.1 Electronic operators and states

For an orbital doublet or E term it is well-known that
an u(2) algebra is appropriate [4]. Whatever G we shall
denote FE, the irrep spanned by the electronic states. So,
from the results of [17] the electronic space of states is
a carrier space for the irrep [10] of u(2). which subduces
to E, in G with different possible bases mainly determined
by the orientation chosen for the E type irreps of G.

A complete set of electronic operators writes [! ~11& (,].fe).
In fact as 1 —HgO) = (N1 + Ng)/\/i reduces to the linear
invariant which is a constant within [10] we are left with
L-1e@) — B-UpE®) The indices p. depend upon the
algebraic chain used:

w(2)e D su(2)e D s0(2),
Pe =m me=0,%£1
w(2)e D su*(2)e DG
o Ee =0 CeO'e = A2
Pe = LeCeoe {ee —2C,0, = I'o,

where the I values are those in table 1 and equation (11);
Ay is A or Ay, for groups in G(;r). Depending upon
the orientation of the irreps of type E the index o, is
denoted o, @ or ¢ for orientations I, IT and III, respec-
tively [17].

For each cases the expressions of the symmetry
adapted electronic operators in terms of the su(2). gener-
ators have been given in Table II of [17] and their matrix
elements calculated in the various bases:

u(2
(10
u(2
(10

(12)

~

e D su(2)e D so(2).
Lome

2D G
| 1E,0¢

(13)

*

~

N —O [~

1
e D SU
1

with o, =0 or 7,0.

! Tcosahedral molecules have G’ electronic states but no E
type irrep and as such no E electronic states.
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4.2 Vibrational operators and states

An arbitrary vibrational operator involving several modes
S1,82, -+, Sk with symmetry Cs,,Cs,, - ,Cs, may be
denoted:

{f;}}v(cv) —_ [ {gll}v(cl) % {522}{/(02) % ,,,{gkk}V(Ck)](C'u).

(14)
As icosahedral molecules are not considered here! we can
restrict to oscillators with dimension at most equal to
three. We also note that molecules with symmetry other
than that of cubic or icosahedral groups have at most two
dimensional vibrational modes. We give in Appendix A
the various forms of the vibrational operators we use.
The general expression (14) is restricted there to one and
two mode operators which should be sufficient in most ap-
plications for the systems under consideration. In any case
higher order interaction terms could be built along the
same line. With this assumption vibrational basis states
will mainly be of one of the two basic forms:

{vs by () — {vv. } T wow), or

Ov

[ g Font) s s} g0 = [, 3, 1 00),

where the 7, indices depend also upon the vibrational
algebraic chain used.

5 Formal vibronic Hamiltonian

The most general formal vibronic Hamiltonian may first
be written as a linear combination with real parameters
of Hermitian and time reversal invariant operators:

Hp= 3 gtlmemd [1ollglhoteCo y trndy (@),

all indices

The {s} = s1,82--- set may include arbitrary vibrational
operators built from the elementary ones associated with
any mode s; appearing in the full vibrational representa-
tion. Taking into account that electronic operators with
ke = 0 are proportional to the identity operator Hr may
also be written

_ Io{ko {kv} I
Hp =1, Z {S}t o{ru} {S}V( 0)
{s}{ro}
+ Z {S}t{”eﬂv} [[1_1]E(1674808) X {f;}}v(cv)](ro),

all indices

(15)

where the first term represents the purely vibrational
Hamiltonian. For practical purposes the previous expan-
sion has to be specialized. Basically we define two cate-
gories:

(a) the expansion is used to represent what we call the
untransformed vibronic Hamiltonian (although it is
already an effective one) for the considered degenerate
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electronic state. Its expression is commonly written in
the form

H(r,Q)=T(Q)+U(r,Q)
=T(Q) +H(r)+V(r,Qo) + > _ [V x Q)
s,C

Z [51,52WCIC2(C) X [S1Q(Cl)
Si,Ci,C

L1
2

X 5, QUCOUT0) ... (16)

With respect to the equivalent expression given
in [4] we only slightly change the notations; in par-
ticular we allow for non trivial CGC. The (V(©)
and g, &, WC12(C) operators are related to the first
and second derivatives with respect to normal coor-
dinates ;Q(©) of the potential. The projection of (16)
onto the considered electronic state determines the
vibronic Hamiltonian matriz

P.HP, = H'F

= Hy+ Z V[0 x Q)T
s,C

D> e Wel(Cr x Cy)
S,;,Ci,c

X [0 % [, Q) x QNI .. (17)

Usually only terms which are at most quadratic in the
normal coordinates are retained;

(b) the expansion (15) is to represent an effective Hamil-
tonian obtained from the untransformed one through
a (usually unknown) unitary transformation. Thus
it is mainly determined by the polyad scheme ap-
propriate to the particular molecular system under
study [19,22,23]. In a general way, if we denote by P
the projector onto an arbitrary vibrational subspace
(2;. of the complete vibrational Hilbert space H,,

P HpP, = HP),

contains only vibrational operators acting within the
set of levels contained in (2; if the set of all vibra-
tional operators is appropriately chosen the effective
Hamiltonian for a given wvibronic polyad N, is then
given by

L1
2

N.
TT(PN) _ r7{Pk)
HN =3 Hipss
k=1

where the summation is over the lowest polyads, in-
cluding the ground state.

In the following sections the preceding ideas are applied
to specific E electronic states.

6 The ERQ (b; + by +---) case
6.1 General expansions

This corresponds to case (i) of Section 4 for which [E,]? =
Ay + By + By with » = n/4 for groups in G() except
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for Dyq groups with n even for which it is » = n/2. For
other groups, [E,o]? = Aja2 + Bia2 + Bage with o? =/
or g. Since in general, parities can easily be added they
will be omitted in the following except in a few cases; in
particular for groups in G ;) all Hamiltonian terms are
of symmetry ’ or g. The expansion (15) writes then

_ Ar{ro} {ro}y/ (A1)
Hp = I Z (s}t o} {s} Vi
{sHro}

Ko — s Koy A 1
+ Z {S}tAQ{ } [[1 1] p(1,042) o {{s}}VE 2)](A )
{s}{xo}

+3 S (B 2B ey (PO,

t=12 {sH{r,}
(18)

where + (—) stands for time-reversal invariant (non in-
variant) operators. As all CGC reduce to unity (18) may
also be written

Hp =1, Y gt Gy
{sHro}
+ -1 p0,042) Z {S}tAz{M} {f;}}v—(Az)
{sHro}

- Ko Ko B
+ Z [1-1] p(1,2B:) Z {s}tBt{ }{{s}}v-i(- t) (19)
t=1,2 {sHro}

To facilitate practical applications and further compar-
isons with previous approaches we detail below the pre-
ceding expansion taking into account that molecules en-
tering this case have vibrational modes which are at most
doubly degenerate. Also we keep only one and two modes
vibrational operators. Setting

Hp =Hyp+ H(A2)+ H(By) t=1,2,

we have with the notations of Appendix A

Hyip = I{Z{ GG Oy oA

S

4 A —n;a]vu,ml)}

mimsa
{CiHC} (A1) 0 1 {CiH{C[}(Ar)
+ Z{ 58"t RECAYS v
s#s’
{Cijili H{C3i£i} (A1) 0 1, {Cijili}{C[jiti}(A1)
+ ss'tngmy ss’ Yning,mimag

ninz,mimsa

ji0;Ci {50 ClY (A ji0;Ci {50 CliY (A
A HEOIUIEOD A 0 PO HICIH >}+}
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ning S " ningz

H(AQ) _ [ —1]E(170A2){Z{ StClCQ(AQ) 1V0102(A2)

S

it(A
+ Stingmz)

[ —maly)(j,£Az) }

+ 3] wtGnEn Ly

{niH{ni}
s#s’
{Cigiti}{Ciji€;}(A2) 1 V{Ciji&}{cijifé}(Az)
+ Ss’tnimi ss/ ¥minz,mims

nin2,mimsa

b L ACOUICOU 1y neaIEeU | }

(21)

() = 000 {0 e

S

(B 1 — j, 0B
+ étinEth) [m 722]]/(] t)}

{C;HC}(By) o {Ci}H{Ci}(By)
+ Z{ ss’tn,_-ng Ss/v{ni}{”ﬁ,}
s#s’
(Gt HOWEHBY) 0 (Gt} (Ot (Be)

+ ss'tngm ss’ Yning,mimag

I ss/tifﬂn&;a}{j%c’{}([gt) Ss/Vn{fz‘;“,yc,zl}%“ci}‘m’} 4. }
(22)

From now on the electronic operators will be simply de-
noted E(1:£Ce)

6.2 Representing the untransformed Hamiltonian

In such a case it is better to take vibrational opera-
tors defined in terms of coordinates as in equations (A.1)
and (A.6); also we restrict to terms which are at most
quadratic in the coordinates. From equations (20-22) we
then obtain

Js
H=1, hws| Ng + =
(e g)
+ stBlE(172B1) SQ(31)+ stB2E(11232) sQ(BQ)}

£ T BB RA2BO (AN QB (E)

t,4,j s#s’

EnEn (B En En
+Z{Zss/t nEn( f,)E(Lth)(SQ( #) % 4 Q' z))(Bt)
t

s,s’

+ ZssztE’“E%*’“(B‘)E(l’QBt)(SQ(Ek) « S/Q(E%k))(Bt)}’
s#s’
(23)

with A; x B; = By (t = 1,2). For D,4 (n even) groups
the substitution n — 2n must be made in the last two
terms. For groups in G(rpy ',” (or g,u) indices must be
added in such a way that the global vibrational operator
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be of type ' (or g). We also note that the last term in (23)
require n > 8 (n > 4) in D,, type groups (Dyq)-

Standard treatments of vibronic interactions in such
cases can be recovered by selecting appropriate terms in
the Hamiltonian (23); often the last two terms, which do
not involve the active coordinates, are neglected. As an
illustration we give below for some cases how well-known
results can be recovered and eventually extended.

E ® (b1 + b2) case: denoting s; and so the active coor-
> s

dinates we obtain

H= {Zméq(mﬂt ) (N+ )}
S#81,82

tB2E(1’QB2)82Q(B2)

i=1,2
+ 4 tBlE(l’QBl)» Q(Bl) + 4

1 Z{ A BB 2B (oA (BB

« 82Q<Bz>)<32>}
n Z{ LA2B2(B) pL2B1) ( o(42) o (B2))(B1)

+ 8o tAlBQ(BQ)E(172BQ) (sQ(Al)

)

(24)

o A2 BB RL2B2) ( 0(42) SIQ(Bl))(Bz)} +

where the summation over s involves only modes with
significant coupling with b; and by vibrational modes. The
multimode F ® (nb; + n'be) problem is obtained with a
summation over s; and (or) ss indices.

For the F ® by case (resp. E ® by) only terms with
indices s1 (resp. sq) are retained. Likewise for a F® (b1 +
bi+---) (resp. E®(ba+ba+- - -)) case one would introduces
a s1 (resp. s2) summation.

In the preceding equations (23, 24) we could replace
the electronic operators E(1:25) by their expression in
terms of the components of the pseudo-spin S,. How-
ever the relations between our parameters and conven-
tional ones can only be made through the vibronic ma-
trix. The latter is most easily obtained with the results
of reference [17]. We only give its expression for the gen-
eral expansion (23), those associated with particular cases
being easily deduced.

e Vibronic matrix in orientation I. The projector onto
the electronic subspace E, writes

1 0]%1ET0>><<[1 0]%1ET0 .

For the quadratic terms in (23) we set

Qy(B) = 3737 A BB (,QU) x , QUE) (B

i,j s#s’
+Zss'tE% E%(Bt)(sQ(E%) % s’Q(E%))(Bt)

s,s’

+ZSs’tEkE%7k(Bt)(SQ(Ek) « s’Q(E%ik))(Bt),
s#s’
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then the vibronic matrix is given in terms of Pauli matri-
ces 0y by

ﬁ:Z{m 5o (Ns+g—2s)

+ia moen Ll stB2sQ<B2>}
2

1 _ % 5, Oy 4

+§ 5, @yB) (25)

expression which shows that this orientation is suitable
when the vibronic coupling with the by vibration is small
orin a E® (by + by + --+) multimode problem. The
terms in the first and second line are those commonly
found [4,24,25] for such systems even with the equal cou-
pling approximation.

o Vibronic matriz in orientation II. For the same sub-

space we have now
1 B 1 _
[1 O]§1E,.a [1 O]§1E,.a
and the vibronic matrix reads

= Zs:{msa) (Ns + %)

1. 1
_5 Og stBlsQ(Bl) + 5 Uy stBQSQ(BQ)}

)

_% 5, @yB) +% 5, DVE) L. (26)

The terms on the first two lines of equation (26) are in a
form similar to that used when discussing adiabatic po-
tentials [4] and in the equal coupling case [26,27].

o Vibronic matriz in orientation III. In this case the
projector onto the electronic subspace F, is:

P. = zg: ‘[1 O]%lE,.&>> <<[1 0]21E ‘

and the vibronic matrix given by

H-= Z{msao (NS + %)
S

1 1.
+5 P QBY 4 5 0 stBQSQw?’}

1 @B

1
+§ a\'a (Q)V(Bl) + 5 a\-z (27)

This case is similar to that in equation (25) in the sense
that this orientation is appropriate when the vibronic cou-
pling with the b; vibration is small or for a multimode
E ® (by + by + -+ ) problem.
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Relations with usual parameters used in the literature
can be summarized by

e (Er) av e r —

< o g T )>
B L Z\/§ p 2B 1Ea ([10]1/2)x
NG 2 )7 (1 —11[10]1/2) 1E.a" ~’

(28)

where the coefficient —i1/3/2 is the reduced matrix el-
ement ([10]3|| B ~UEMI|[10]2) of our electronic opera-
tors and r = n/4 or n/2 depending on the group in-
volved. The F symbols, which are CGC for the chain
ue(2) D suf(2) D G have been defined in [17].

Likewise for quadratic coupling constants we have

0V
aSQ(gll)ale(g;ﬁ

1 /3 a1 oo (By)
ss/tC1C2(Bt)— ( — Z\/j> F
V2 2) " (C1 (o)

2B, 1E.a ([10]1/2)x
(1 —1L[10]1/2) 1B

where the indices aq, as can be omitted when C7 and Co
are one dimensional. The first F' symbols in (29) are CGC
for the group G. Up to now these symbols were not ex-
plicitly needed since all computations have been made in
the full chain starting from «(2). If they are introduced
through

L/ e (B
e

e@(Er)> =

[e%

x F (29)

2B,  1E.a ([10]1/2)

Fo—mpoie 1Ba =
2B, 1E, (10]12), o (E)
Ra-uiponz 15 "BiE) o

equations (28, 29) may be given a somewhat more familiar
form:

e, (Er) ov eq(Er)\ _
<g}a/ 9,Q(BY) Y >*
a (BEp)x*
StBtc(Bt,ET)F(BtE) O:“, ., (30)
1 e (Er) 0%V B
(| | (D)) =
A 0.Q%" 0, QL )
By) a (BEp)x
SsztclcQ(B‘) B ET FOél (0%} ( t T
(B, Er) (Cy Cs) (B E,) o
(31)
where we set
2B; 1E,  ([10]1/2)x

K

(L —1J1[10]1/2) 1E,

3
<—i£> = (B, E,),
2
the K coefficients being isoscalar factors for the chain
ue(2) D sui(2) D G and as such independent of the ori-
entation chosen for the irreps of G.
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7 Examples with effective Hamiltonians

The usual approach to the dynamical Jahn-Teller effect is
to set up the Hamiltonian matrix in the basis of the vi-
brational modes involved with a truncation of the space of
states to a sufficiently high value of the vibrational quan-
tum numbers. This works well in the single mode case and
as far as the rotational degrees of freedom are not taken
into account. We shall not illustrate this approach, since
the computation of matrix elements of the Hamiltonians
in section 6 is rather straightforward (Egs. (9, 10)) in the
coupled bases

|[1 O]EW {f}/vs }Fv; Fevaev>

for a one mode case or

[[LO]Ey, {Vo, } 7, {'szr}r% Ly; TeyOey),

when two modes are involved.

Rather we choose to illustrate the effective Hamilto-
nian approach, already used in spherical tops [19,22,23]
and in some symmetric and asymmetric molecules [28,29],
which allows to deal in most cases with matrices of rea-
sonable size. However a meaningful model can only be
proposed if the vibronic polyad scheme, which should dif-
fer from the usually known vibrational polyad scheme, for
the molecule under study is approximately known. Thus
there is no general solution and the cases we consider rely
on definite choices. In fact, so as to establish comparisons,
among the examples developed below some have already
been treated by conventional techniques, mainly of the
perturbative type and usually only eigenvalues have been
given to first or second order.

We consider two modes in the full vibrational repre-
sentation with frequencies w,; and wy for which quadratic
vibronic coupling terms are allowed (Eq. (23)). Also, we
may expect a significant interaction if these modes are
coupled through cubic terms in the potential energy. If
we ask moreover that the latter involve the active coordi-
nate, then simple symmetry arguments reveal that there
are only two possibilities

N\ 2 L[ (Ba)\?
(qﬁB’)) g By (qs/ “))

with the substitution n/4 — n/2 for D,4 groups. The
effective Hamiltonian expansion is obtained from the re-
sults in Appendix A retaining only those vibrational op-
erators which have non zero matrix elements within a
polyad which we assume to be characterized by the quan-
tum number N = v, + v.,. We consider separately below
various JT systems meeting these requirements and dis-
cuss the properties of their zeroth order spectrum.
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7.1 E® (b1 + by) case

The most general effective vibronic Hamiltonian is of the
form

{ni{n}  s17{nH{n}

"CQCQ(Al) 0 C2C2(A1)
+ éQt{n}{n} éQVt{n}{n}

" Z {Cl(JgC{Cé(Al) 0 VC1C2C{C§(A1)}

ﬁm‘br = Ie{z 81£C1C1(A1) 0 VCICI(AI)

n

s152{ning H{nqny}t  s152 " {ninz}{nins}
{nomi)
1,04 ~C1C CLCL(As) 1 1,C1Ca CLC(As)
+ BCY e  may n ) 152 Vi) ()
{nont}
(32)

with 01(02) = Bl(BQ) for nl(ng) odd and Cl (02) = A1
for nq1(n2) even. Also we have the condition ny + ng =
nj +nf and the matrix elements are non-zero only if n} +
n5 < N. In Appendix B equation (32) is detailed for the
cases N < 2.

For the computation of matrix elements one usually
resorts to the mathematically convenient coupled basis of
the general form (7) and given for the special case consid-
ered here by

1
[1 O]§1ET, (UFIaN — 'UFQ)FU;ETO'ey> — |{’Y}@(Er)>’

Oev
(33)
where we took into account that in all cases the overall
symmetry of states is E, since A1 X E, = B; X E,. = E,.
However, as we will show, this is not necessarily the in-
teresting basis for the prediction of zeroth order spectrum
properties.

We can already note that, since the electronic oper-
ator E(1:042) is proportional to the z-component of the
pseudo-spin S, [17], symmetry adapted electronic states
in orientation II are appropriate. In order to obtain the
dominant features the Hamiltonian expansion given in Ap-
pendix B can be simplified. We take the following approx-
imate expression

77(0) _ FA1A1(Ar) 7B1B1(A1) 0 B1B1(A1)
Hyjpr = topoy Lot sitinpy s« Vi
+ 821??12}]?21%141) 0 VBsz(Al)

s2 7 {1}{1}

~B1A1 A1 B> (AQ) 1 VBlAl AIB2(A2)

1,04
+ B04) s1521(10}{01} s152 V{10}{01}

» (34)
which amounts to consider as predominant the terms
which have the lowest degree in vibrational variables.
Equation (34) may also be written simplifying the nota-
tions for the effective parameters

- . 1 1
HYO) = b + has, (N1 + 5) + hid, (N2 + 5)

+ hS\SZi(S2a/+(B2)Sla’(B1) - 81a+(Bl)Sza(B2)).

(35)
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Using the coupled basis (33) we obtain the matrix ele-
ments within the polyad N

<{v’}¢<;z>

77(0) N\
H’uibrl{’y}g/(UEeu)> -

~ . 1 5 1
506“0/& hXo+hs, ’u+§ +hivg, N7v+§ S’ v

+ BX

/
(=) {Fg, E, ET} Bulh Iy

By I I
Vi \E LA 2P

< {[(v+ )N = 0)]2 60 v41 — [0V —v + 1)1%1/,@1}],
(36)

and nothing special appears apart from the usual selection
rules contained in the recoupling coefficients and o, =
ol which implies that one only needs to diagonalize one
matrix of dimension N + 1.

If instead we use the unsymmetrized basis

1
‘[1 0]§1E.,-0‘>>|’UF1,N — vl I,),

and perform first a projection onto the considered elec-
tronic state we obtain

~ % : i 1 ) .
<H§¢2T>Er = hXo + hwg, (N1 + 5) + hddg, (N2 + 5)

- h_(_l)aJrli(szaJr(Bz)sla(Bl) - slaJr(Bl)sza(Bz))a

where we took into account the important property, es-

tablished in [17]:
1 ., 1 ~ B (_1)5+1
<<[1 0]21ET0 il 0]21Ero>> =" 05,5

if orientation II is used. The eigenvalues are the same for
both values & = 1,2 since we have upon time reversal

E(1,042)

K e, K 6 =1) = (H) Vg, (6 = 2),

vibr

and within this orientation
1 _
K ‘[1 0]§1E7-0‘>>|’UF1, N — vl I,) =
1 _
[1 O]§1ET —a D|lh, N —vls; I3,),

with —1 = 2 and conversely. This results will also natu-
rally appear in the following.

7.1.1 Eigenvalues and symmetry adapted states
We give a rather detailed account of the method we use

to solve the eigenequation for the present problem since
other vibronic cases to be considered in the next sections
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appeal to similar techniques. Also we wish to establish
precisely the connection with previous results [26,27] for
the same E ® (b + b2) case. First we simplify temporar-
ily the notation setting ,,a%?) = ay and 4, a(PV) = a.
Equation (35) becomes

710

vibr

- 1 1
= Ao + hws, (Nl + §> + hos, (NQ + 5)

+ hAS.i(afay —afas), (37)
and appears naturally as a function of the generators of
an u(2) algebra:

Jy = JJ(rA2) =afas, J-=J" =afay,

1
J, = JA) = 5 (V1 = Na). (38)

With the results of [17] the polyad states can be written

as u(2) D su(2) O G covariant symmetry adapted states
(j=N/2,m=N/2—v):

I[N Oljm(L,))) = (=1~ |j — m(I1), j +m(I2); I)
= (=17 —m)(G +m))] " 2a T ag ™0, 0,

(39)
and the Hamiltonian (37) writes
A = hig+ @ T8)
+ W(@sy — Dsy) 2 + h2MS. . (40)

We note here that the operator J, = i(aga; — aj az)/2
may be interpreted as the angular momentum operator,
expressed in a Cartesian basis, of a pseudo two dimen-
sional harmonic oscillator associated with the b; and by
modes. We may thus consider the unitary transformation
to the pseudo-angular momentum basis [21,30]:

1 . 1 .
1 = —=(a1 + iag); Cf = —(af - “‘;)v
2 2
ca L(al —iag); cf = L(air +ia3) (41)
V2 2

+

4

The set of operators ¢
with generators

¢; span an equivalent su(2) algebra

o+ o+
Jy =clc, J.=cyc,

1
JL= (N - V), (42)
which are unsymmetrized, except for J, with symme-
try Asg; the w(2) invariant is conserved N = N; 4+ Ny =
Ni 4+ Nj. As before covariant but unsymmetrized states

are obtained through:

[N 0]jm))" = (=1)"~"|j —m, j + m) =

(—1) =[G —m)(j +m))] "2 VT ed U™ 0,0,
(43)
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and the Hamiltonian (37) writes
~ - Vs, + Qs
O = 53+ hP @) v g
+ W(@g, — @sy) Tl — h2XS.J.. (44)

Within orientation II for the pseudo-spin operator S, =
0./2 we can use the concept of extended generators in-

troduced in [31] to solve the eigenvalue equation for ﬁi%r

in (40, 44). This determines unitary operators U(o,Jy)
and U'(o,J.,) such that

U(0-Jo)HS), Ulo2do) ™ = VA,
= iXo + hM(N + 1)+ h2(02)J.,
U i) H, U (0:00) " = V)
= g+ n &8 (v 1) s ho(e) L 45)
with, in this case,
2(02) = N + (@5, — @s,)°]M? (46)

independent of o,. The operator U(o,J,) is given by

0
X exp {— i@ UzJ_]
= exp|—2i€o,J,), (47)

where we set wy = ws, — @Ws, and with

. 1/2
tan§: M Q+WO:| .
by 242

, cos& = [

For the U’(o,J.,) operator we have
2+ 20
ﬂjﬁr exp {m (7~)J;:|
wo 2 — Mo,

(Q+S‘UZ)J/‘|

U'(0.J)) = exp

X exp
wo

= exp(2i€'J,], (48)
with
2+ A 0-30.]"
tan{’:%, os& = ;ng

Thus within the vibronic bases

05150 DIV Olim(T)), - [1101515,0 )N oljm))

~ 1

for VH®) and V' g ¥ respectively, we obtain the eigen-

vibr vibr?
values
~ Qg + Ws
B0, =+ Ex ) (v )

+h[(‘:}81 —(:132)2-{-5\2]%771, m: _.77+.7 (49)
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This expression shows, as predicted, that these eigenval- which are respectively eigenstates of the sets H 1) i Sz J.

ues are independent of . The symmetrized vibronic eigen-  4nd Hmbrv S.,J'.. The values for the phase factors e (")

state?, are obtained through a tW_O steps procedure. and ¢’ (™) as a function of the other quantum numbers
Firstly from the expressions of the U(o.J,)

i by:
and U'(o,J)) operators (47, 48) we obtain unsym- are stven by

metrized eigenstates of ngr J Jj—mae O et (7) o
integer  even 1 6, 11
[10] LE.G )|[N 0]jm(6e))) 2 -6, 1 2
7 e odd 1 6, @ 1
i 2 0, —i 2 (56)
=U(o.Ja) "' |[1 0] U> [[N 0]jm(I%))) half- integer even 1 6 4 2
2 0y ~i 1
= exp[2i€a, J,] |[1 O]—1E7.0>>|[N0]jm(12,))) odd % Gé % %
%!
_ i(m—m’ ( ) &
Z % dyprn (26(=1)7) for the states (54). On the other hand for the states (55)
we have
x |[L0]=1E. V[N 0]jm/(I"))), 50 1 A\
[ ]2 0>>|[ L (1)) (50) ‘[1 O]§1E,.,[N0]jm(9’1);ET1>> j integer

with 0, = 0; (0. = 0 = —6;) when 6 =1 (¢ = 2) and
i \[1 013151 )) [N 0lim(6})))
6= sing, = 2(—1)7 (51) 2
cosbe = -, sinfe = & )

I

1 1E,, N
Likewise with the U’(o,J.,) operator we obtain the eigen- ‘[ 03 2" [NV 0ljm(03); B >>
states in the form

) 1 _
— o o v omeyy (67
(103150 I[N 0jm(6.)) g1 ’

/
‘[1 0]=1E,, [N 0]jm(03); B >> j half-integer
= U/(UZJ;)

031 ) ol

103150 )|V oljm)) ,
=3¢ @) ‘“ Ol 1B [N O)jm (8 2 >>

X [1 ()]%1Erg->>|[]\[O]j,'n/>>/7 (52) = (_1)j+m ‘[1 0]21E 1>>|[N O]]m(ell)»l (58)

with 0, =0} (0, =0, =7 —0}) when ¢ =1 (¢ = 2) and

i ~ oz B2 I i)y

To conclude we note that the algebraic chain adapted to
the considered case allowing to find the exact eigenval-
ues is

5\ = wo
0 = =(-1)°*, sin@, = = .
cosv, Q( ) , SInvg N (53) ( )e ® ’U,( o155 D SU*(2)6 D Su*(2)81s2 ») G (59)
1 .
In equations (50, 52) the d/) Wigner matrices are those [10] x [NO] | 2 X J L Teven

given for instance in [32]. In a second step, starting from instead of the common u(2). ® (u(1)s, ® u(1)s,) D G as-
the preceding states (50, 52) and using techniques simi- ¢ iated with basis (33).

lar to those presented in [17] we obtain the symmetrized
vibronic eigenstates

7.1.2 Correlations with previous studies

One of the very first study of the dynamical JT effect
in molecules with a four-fold axis of symmetry is that

>>|[N 0]jm(6e))), (54) of Child [33]; it was then reconsidered in [26] and by
Hougen [27]. The standard starting point is given by the
terms in equation (26) in terms of Pauli matrices

/
'[1 0]=1E,, [N 0]jm(0.); E. ">> = S0~ 1 1
H = 0p hwsl NS1+§ +7iw82 Ns2+§
. ’ ’ ].
i’ (") Z1E.& im(0.)))
0 LG )N lim (8L (55) o VO e v OB ()

L0515, [N 0lim (6, ) Ea>> _
1E,.0

et (7)

10]51
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The notation in equation (60) is that of [4] and related to
those in [26,27] by

V2
2w’

Vi=ki=f, Va=kys=-g; hwD; = (61)
Approximate solutions of equation (60), for the eigenval-

ues only, have been given in several limiting cases:

(i) ws, ~ws,
With this assumption equation (49) may be written

as
N st +‘:js
EY) ~ So - p ) (g
~ = )2
+ hA 1+M+-w m, (62)
2)2
with 2m = NN — 2... — N. The limiting case con-

sidered in [26] ws, = ws, = w amounts to keep only
the zeroth-order term in the preceding expansion and
leads to the relations between parameters

Mo = — (D1 + Ds) w, M:%

2
= 2\/ D1D2 w.

The additional assumption of equal couplings V; = V5
in equation (60) transforms the E ® (b; + bz) case to
an equivalent F ® e one [4,27]. The energies have
been given, within the same order of approximation,
by several authors [1,4,34,35] in the form (w = wg)

(63)

N | >

V2
EO = hwp(n+1) — w—’j(l +0s)
E

V2 (. 3
—nop(n+ 1) - 22 (- 4+ ). (o0

wg 4
where /5 is the pseudo doubly degenerate oscillator
angular momentum and j» = f2 £+ 1/2. We find then

from (62, 63):
Ve (G +0s)
hw?’

V2
=92Dw = —L.
hw%

5\0 = —-2Dw =

2 s

N | >

(65)

In this case where ws, ™~ ws, it is clear that the appro-
priate form for HY, is that given by equation (44).
It can easily be checked from equations (46, 53) that

cosf, — F1, sinf, — 0.

So in the limiting case ws, = ws, the vibrational func-
tions in (52) reduce to the usual oscillator states in the
angular momentum basis (43):

[V 0ljm(6 = 0)))" = |[N 0]jm))’,
[N 0jm (05 = m)))" = (=1)~™[[N 0]j —m))".

The associated symmetry adapted vibronic states are
given by (57) with 67 =0, 65 = 7.
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(i) (ws, —wsy)/(ws; +wsy) > VD1 Dy
In this case we write equation (49):
- ey + @
B0, ~ S+ T2l v )
2
h ~S - ~5 1 N/~  ~ o tt .
+ (wl WQ) +2(ws1_w52)2+ m
(66)

Keeping terms up to the first order, the comparison
with the corresponding result in [26] gives

=—Di w1 — Dy we, ws, =wr,

= VD1 Dy( w1+ wa), @s, =wa.

The appropriate form for I?Bibr is now that given by
equation (40) and we deduce from equations (46, 51)
that

po| > 37

(67)

cosf, — 1, sinf, — 0.

So for large w,, — ws, values the vibrational functions
in (50) reduce to the usual oscillator states in the
Cartesian basis (39):

[N 0]jm(61 = 0)))

[N 0]jm(62 = 0)))
[N 0]jm)).

The associated symmetry adapted vibronic states are
given by (54, 56) with 6; = 6, = 0.

7.2 EQ® (b; + a;) case

In such a case we have one active coordinate b; (i = 1 or 2)
and we assume a non zero coupling with a non-active mode
with symmetry A; (j = 1 or 2) (Eq. (23)). Most of the
time only totally symmetric modes are considered but all
cases can be treated within a unique formalism. The im-
portance of taking into account such quadratic couplings
was first established by Bacci [24]. More recently the in-
fluence of large quadratic couplings in E ® e problems
has been investigated [9,36]. The most general effective
vibronic Hamiltonian is of the form

.. — 7CiCi(A1) 07,CiCi(A1)
Hoivr = I{Z tnyiny s VineHna)
n

+C;C; (A1) 0o C;C; (A1)
t oot V) s Vins ing)

+ Z ‘Sélt{nln]}{n;n;}l ss"/{ninj}{n;-n;}l }
{nH{n'}

i E(1’2B’“)§: ,fcicj CiC5(By) ¢ 1,CiC; C;C}(By)
88 nin;Hnins}  ss" T {nini Hninl} O
n

(68)

with C;(C!) = B; for n;(n}) odd and C;(C}) = A; for

3

ni(n;) even; likewise C;(C?%) = Aj; for n;(n}) odd and
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C;(C}) = Ay for nj(n’;) even. As before we have the con-
ditions n; +n,; = n,+ n; and the matrix elements are non-
zero only if nj +nj < N. In Appendix C.1 equation (68)
is detailed for the cases N < 2.

In order to obtain the dominant features of the zeroth-
order spectrum as well as good symmetry adapted basis

functions we take the following approximate expression:

o _ tAA(A)I + tBB(A)()VBB(A)

vibr {0}{0} {1}{1} {13{1}
A A; (A1) o V Aj(Ar)
{1}{1} s’ {1}{1}
B, +B; Ay A1 Aj(By) BiA1 A1 A;(By)
+ E(12 ) éé’t{lo}l{oll} ’ O’V{lo}{lmi '

(69)

All matrix elements can be computed straightforwardly in
the coupled basis [[10]31E,, (vs1}, vé i)y Epoey) (in all
cases the overall symmetry of states is E since A; X B, =
B; x E,. = E,) and are given in Appendix C.2. However
for our purpose it is not the best choice. Equation (69)
may also be written

2
aJr(Aj)sa(Bi)),

1 1
HYO) = hXo + hav, (Ns + 5) + g (N;, + —)

+ BASa(sa TP a9 4

(70)
with @ = x (resp. y) when k = 1 (resp. k = 2) in equa-
tion (69). Although the symmetries of electronic opera-
tors are different from that of Section 7.1 (Eq. (34)) we
can take advantage of the various orientations for the F
irreps defined in [17] if we start from the unsymmetrized
vibronic bases

‘[10]21E Ue>>|vFi,N—vFj;Fv),

since we have

<<[1 O]%lE

if and only if orientation I (0. = o) is used when By, = By
and orientation III (0, = ) when By = By in (69).
We note that these symmetries are those of the active
coordinate only for totally symmetric A; = A; modes.

Setting aB) = a; and »a(4) = ay equation (70)
takes a form similar to one of those encountered previously
(see Eq. (44))

o_l E(1,2Bk)

1 0] 1E 0>> =

(-t

) Te, 00

1 1
A, = B + hv, (N1 T 5) T B (N2 n 5)
+ BAAS,, (a1 az + a; al)
S S Gl 2]

+ (&

(N +1)

s — o) Sz + B2M\Sy J,, (71)
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and is again a function of the generators of an u(2) algebra:

J(Bk)

B
J+:J4(_ W = atay, Jo = =ajai,

1
J, = JA) = 5 (V1= Na). (72)

But this time the last term in equation (71) involving
Jo = (afas + a3 a1)/2 cannot be interpreted as the an-
gular momentum of a pseudo two-dimensional oscillator
associated with the b; and a; modes. As before the polyad
states are given by u(2) D su(2 ) D G covariant symmetry
adapted states built from the a;” (j = N/2, m = N/2—v):

m)!(j +m)l] 71/
m(l3),5 +m(Ly); Iy).

[N Oljm(T,))) = (=1)7~™[(j —
X |7 —

Keeping in mind the discussion of the preceding section,
this basis may be seen as adapted to a small coupling
regime. A new basis may be defined for the case &5 ~ Q.
Among the various possible unitary transformations we
choose the orthogonal one

1
(a1 + a2); ¢f = —=(af +a3),

V2
_ 1.
627\/5(1

which keeps the Hamiltonian (71) in the same form

Cc1 =

HSH
[\}

— ag); C; =

77(0 3 (‘:js + st’)
+ hLQWS/)(cch + cé"cl) + hS\Sa(cfcl — 03'02)
= hXo + hM(N +1) 4 W(@s — Do) T, + h2AS, .,

(74)

with corresponding basis states of the form (43). We can
thus proceed as in Section 7.1.1 with unitary operators
U(oadg) and U' (04 Jj) [31] (00 = 254) to solve the eigen-

value equation for Hizgr In particular it appears that,
within the considered order of approximation, the eigen-
values are given by equation (49) with the substitution
s1 — s, s — s’ and the appropriate algebraic chain for
the E®(b;+a;) problem is similar to that in equation (59).
The symmetry adapted eigenbasis is obtained with a pro-
cedure identical to that in Section 7.1.1 using electronic
states whose orientation is determined by the k£ value in
the product B; x A; = By; these are explicitly given to-
gether with the U and U’ operators in Appendix C.3.

7.3 E ® b; cases

If in the two previous models we assume a negligible vi-
bronic coupling for one of the two modes we are left with
an E®b; problem or two uncoupled such cases (accidental
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Born-Oppenheimer case [27]). As can be seen from equa-
tions (32, 68) the effective Hamiltonian reduces to a poly-
nomial expansion in the number operator which writes,
keeping only one b; mode

~ B 7C;Ci (A1) 0 1,CiCi(A1)
Hyipr —Ie{z sitinyiny s Vin}n} }

13 - 1 “CiCi(A1) 0 1,CiCi(Ar)
= ho + hids, <Nsi - 5) +D sliyim SV, :

si " {n}{n}
n>1
(75)
where the electronic operators reduce to the identity.
Within the same order of approximation than previously
(Sects. 7.1.1, 7.2) we simply have

~ ~ 1
Hgibr =hXo + M'Si <N51 + _> ) (76)

2
and we will show that this reflects the known exact solv-
ability of the linear £ ® b; JT system [4]. Also it is one
of the very few cases where the effective operators can be
given a precise interpretation.

The untransformed Hamiltonian is given by (Eq. (23))

H = s, (Ns N %) LB DB o)

— hw.. < at(Bi) _ q(Bd) | 1>
S4 Si S; 2

+ hé (s%cﬁ(Bi) + s%a<Bi>) Sa, (77)
with hd = P \/h/2w;,. Usually [4,27] H is projected
onto the electronic subspace which leads to twoAuncoupled
eigenvalue equations for the vibronic matrix H. We pre-
fer to use the formalism developed in [31] which allows to
treat both symmetries b; and by simultaneously; also it
gives through a unique transformation both the eigenval-
ues and eigenstates. With the unitary operator

U(Saas-aJr(Bi)as-a(Bi)) -
eXp{ O (qa®) sia“g”)Sa]’ (78)

Ws;

function of the extended generators of the harmonic oscil-
lator algebra, we obtain

2
UH = UHU ™" = hwy, (oat®) a0 4 1) 2 0
AT ‘ 2 4wy,
(79)
with doubly degenerate energies
E,i+=hw n-Jrl fﬁ(SQ (80)
n;+ — S 7 9 4qu, )

in the vibronic bases

In; )| %) = |nil%)

1 0]%1Eme >>

1
_ (ni!)fl/Qs%aJr(Bi)ni 0> ‘[1 O]§1E7'Ue>>a (81)
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with o, = 1,2 (resp. g, = 1, 5) when B; = By and a = x
(resp. B; = Bs and a = y). With equations (76, 80) we
obtain

(‘Dsi = Ws;, )\O = -

dwg,

The corresponding degenerate eigenstates of H (77) are
next obtained with

)
|ni %) = exp [—— (sq,a"_(B*) _

sia<B%>>sa} Ina3) )

— (¥ (a4 2 5,)  (04)

Sq

)
A +
T ) [2).

BNEY)

= ()3 (s%a“BMi Sa) |

Si

where | F (§/2w;)A;1) are two totally symmetric oscilla-
tor coherent states [37,38]. We note that we may alterna-
tively write the Hamiltonian (77) in term of generalized
displaced creation and annihilation operators

6 SOU Sib(B%) = Sia(Bi) + 6 SOU

S; wSi

+(Bi) 1.(Bi) 1 52
H = hws, | 5,067 77,0077 + -] —h .
k2 k2 k2 2 4ws7/

s,;b+(Bi) — sia+(B7') +

With both approaches symmetry adapted eigenstates are
easily obtained since, within the appropriate orientation,
all CGC reduce to a phase (Appendix A.4, Tab. 2)

Oe¢ (Er) — ol¥
(B, I}) o

e

F

5‘76""/67

and the operator entering the exponential in (78) is totally
symmetric in G.

We note that for a E ® (b; + b;) case, within the same
order of approximation, the effective Hamiltonian is of the
form

_ - 1 1
HY) = hXo + hid, <NS + 5) + Ry ( L+ 5)
+EA(sa TP a4 qt (B o(BO) - (83)

where the electronic operators reduce once again to the
identity. It can also be written

7 3 ~s + ~s/

Hl(}?gr = Ao + hw(]\] + 1)
+h“”5’+“s’)(1\rs )
+h5\(sa+(Bq,)s,a(Bq,) + s,a+(Bi)sa(Bi))

= mho+ & E O v 4

Fh(@s — @9) T, + B2\, (84)

and diagonalized through a standard unitary transforma-
tion of the su(2) algebra [37] built from the elementary
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boson operators associated with s and s’ modes:

1
J. = JJ(rAl) _ Sa+(Bi)5/a(B7’), J, = JZ(Al) — 5(_]\fS _ N;/%
I (A1)

= :s/a

+(Bi) o(Bi)

However since this time the untransformed vibronic
Hamiltonian contains, besides the linear terms as
in (77), cubic ones involving 4(QF))%2,QF) and
sQPB) ,(QP))2 ) one cannot expect to find the exact
transformation between the two approaches.

74EQ® (bj+e) and EQ e,

For the electronic states considered in this paper it can
be seen from equation (23) that vibronic coupling terms
involving modes with the same E symmetry type as the
electronic state are possible; also purely vibrational cubic
couplings are allowed in the untransformed Hamiltonian
expansion. We recall that r equals n/4 for C,, and D,
groups and n/2 for D,4 groups. In both cases the vibra-
tional operators for the doubly degenerate mode are of the
form [17]:

[mq *ng]véjv) _[m *ng]v(jvvevrv)

I'yo, = v
0y =4 I,= A A
P 1,42 (85)
with fv =4p+2 I'y =By, Bs

by=4p+1,4p+3 I, =E,

and the most general effective vibronic Hamiltonian writes
(Appendix A)

~ 7C:Ci(A1) 0 1,CiCi(A1)
Hyipr = I@{Zs’ {nl}{nzl} 5/‘/{"1}{"1}1

+ S.EijpAl(Al) [n fn]v(ju,ﬁlp Ay)

{n}{n} s
+ Z . {vq,%(C) 7{7;(0)(141) 0 V’wm,(C)/vil’vU(C)(Al)}
s'sUnin}{nin’} s's " {n;n}{nin’}
{n}{n'}

{n}{n} s
{n}{n"}

i’ymu(c)%%(c')(A2) 1 Vw%(@vi%ﬁ@’)(&)}

+E(1’0A2){ Z S{ju74pA2(A2)[n7n]v(jv,4pA2)

T st ninb{nin'} s's " {nint{nin'}

Z v ,4p+2B¢(B¢) [n —n) V(v 4p+2 Be)
57{n}{n} 8
{nH{n'}

i Z E(LQB”{

t=1,2

70 (C) viv, (C") (Bt 70 (C) vive, (C') (B
T R Ll

where we set v;v, = Cijolyly; s is associated with the b;
active coordinate and s with the e, mode. In (86) we have
n; +n =n,+n’ < N and the summation over the other

indices is implied. In Appendix D.1 the Hamiltonian (86)
is detailed for the cases N < 2.
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As in the previous sections the computation of matrix
elements can be made in the coupled basis

1
(1031 Bri v 1[0 0T B T ) (87)

with v/, +vs = N and associated with the algebraic chain:

u(2)e & (u(l)s @& u(2)s) DO
10] x v, x [vs0] | 88
su*(2)e ® (u(l)y ® su™(2)s) D G (88)
% x ’U;/ X J } TewOen

In view of potential applications we prefer to look at prop-
erties of different possible zeroth order models and for this
the uncoupled basis is often a more convenient starting
point. Restricting as before to dominant terms we find
the approximate expansion:
_ t”AlAl(Al)

{0}{o}

1,0A 71,0A2(A2)[1 —1]1,(1,0 A
+ E1,042) 5t{1}{i} 2)| - 1p(1,0 Az)
1,2B;) 71,2B¢(Bt)[1 —1],(1,2B
+ZE( t)St{l}{i} ) : I( ¢) (89)

t=1,2

Bi(A1) Q,VBiBi(Al)

70 7B;
H I+ sty [1}1)

vibr

The expression for the matrix elements of the various op-
erators in (89), within basis (87), is given in Appendix D.2.
We could also keep in the expansion some anharmonicity
operators without changing the results of the discussion to
follow. On the first two lines of (89) we have the harmonic
terms

ﬁ(0>m/< /+l)+ﬁ@(]\7 +1) (90)

'U'Lb - S s/ 2 S S .

The dimension of each N polyad is thus g = (N + 1)(N +
2)/2. The levels splitting is determined by the other three
vibronic operators which may be written [17]

= hApSudy + hiNySyJy + BX.S.J.,  (91)

where we recall that the pseudo-spin operators S, are as-
sociated with the electronic su(2), subalgebra and the J,
with the vibrational su(2), subalgebra for mode s. For ar-

70

vibr

bitrary values of the coupling constants A\, nothing can
be deduced concerning the energy level patterns. However
there are some limiting cases for which exact solutions can
be found. These correspond to situations where two of the
coupling constants satisfy |Aq| =~ [Ag| which implies

7Y

vibr

~ M (Sada £ Spds) + BN, Sy Ty (92)

Additional special cases arise when all three effective vi-
bronic constants A\, are nearly equal which leads to

) =AY Sada =AS -, (93)
«
or when |\, | = |Ag| = 0 and then
o -
an-gr = Ay Sy Ty (94)

We discuss below these possible limiting cases and deter-
mine the eigenvalues and symmetry adapted vibronic kets.



F. Michelot and M. Rey: Effective Hamiltonian approach to doubly degenerate electronic states

7.4.1 Eigenvalues and symmetry adapted states: equal
coupling case

We begin with the most degenerate case for which the
quite simple form of the zeroth-order model

1 -
D <N;/ + 5) + hws(Ng + 1)+ hAS - J  (95)
suggests the introduction of the diagonal subalgebra
su(2)p of su(2)e Bsu(2)s with generators J!, = So+J4. In

the chain su(2). ® su(2)s D su(2)p D so(2)p the coupled
basis (j' =j + 1)

030 o1j;j'm'>> -
e

is an eigenbasis of S - J. Within the total vibronic basis

1013 0l '),

we thus obtain the zeroth order energies, setting vs = v:

) |iro1gme oo, (90

|N - ’UstL'> (97)

1
B, = hig (N—v+ —) + has(v + 1)

2
+h§ [.7"(.7" 1) -GG+ - ﬂ
A CERD) ;L‘*’) (N + ;)
w (N — 20— %)

+h)\[ (' +1>§(§+1)Z] (98)

+h

where the last form shows the levels splitting within the
polyad the organization of which depends upon the rel-
ative order of magnitudes of (©y — @s)/2 and A. Each
level has a degeneracy of 25’ + 1. The symmetry of these
degenerate states is obtained with the symmetry rules
given in (85) with my = v, may = 0 (j = v/2) and
standard multiplication rules A; x E, = B; X E,. = E,,
E,. x E,. = Ay + Ay + By + Bs. Using the same techniques
as described in [17] and [21] one can also find the expres-
sions of the symmetry adapted states. We first determine
those [[10]3, [v0]j; j'|m/|I"0)) arising from the states (96)
and obtain (e =  +j — j):

e for v odd, j’ integer:

[

1012, [0 0Jj: /|| 17)) =
< {I[L03, [0 0] 4'm'Y) + (~1)F|[1 0], [0 0)j: '~
L], [0 0L ' | To)) =

/2
<{I[10]5, [v0]7; 5'm')) = (=1)%|[L O]5, [v O]j; ' —m’

%

vt
)

N}

[\

N}
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with I, I5 = Ay, As for m’ even and I, 15 = B1, B>
for m’ odd;

e for v even, j’ half integer:

Z"u-i—l

[10]3, [v0]j; j'|m/| B, 1)) =
1

]
< {111 0], [0 0] 3'm’)) = (~1)7[[10]3, [0 0)j; j'—m'))}
I[10J, [vOlg; 7' [m’ | E,2)) = i2Im'I= ﬁ

< {|[10)2, [v 0] j'm’)) + (= 1)|[1 0]%, [v Ol 5" —m'))}.

The total zeroth order vibronic states symmetrized in the
chain

u(l)y &  (u(2)e D u(2)s)
N—-—v X [10 X [v0]
O ul)y & (sut(2)e & sut(2)s)
| N-v x +  x (99)
> ull)y & su*(2)p D G
I N-v x jl ! I'ewoey

are built with
1
‘N ol L) o1j;j'|m'|r;revoev>> _

Fp, By G = o)

1
1015, 00 ' ).
(100)
When N —visodd I'; = B; and the states may be obtained

with the values of the CGC given in Table 2; when N —v
iseven so I; = A; and

o (Lew)

FAT) 0w

=0r.,,1 05ey,0-

7.4.2 Eigenvalues and symmetry adapted states: o = :t;\g,
Ay #0 with a # 8 # v

We consider first the values («, 3,7) = (x,y,2) in equa-
tion (92) and we will show next how other cases can be
deduced. Introducing the ladder operators S+ and Ji
of su(2). and su(2); respectively, the Hamiltonian for our
system writes:

~ - 11 -
JrI{mb'r - H’l())ib + hAs |:§(S+J— + S—J-‘r) +0.5:J.
(101)
or
~ ~ 1 ~
Hmbr = ngb + h>‘93 |:§ (S+J+ + S*J*) + 5ZSZJZ:| B

(102)
where we have set 6, = A\, /\; (A # 0). In both cases a
basis for the space of states is given by

IOl m)) = (101318, Dol (109
=03 Piwosim,
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where |£)) are the electronic states in orientation II and
[[v0]jm)) the standard su(2)s covariant states for the e,
mode [17]. For clarity we temporarily omit the states
|N — v I3) associated with the b; mode. In order to solve
the eigenvalue equations we appeal to the formalism de-
veloped in [31] which allows first to write the Hamiltonian
in terms of the generators of a new su(2) algebra.

Case (a) THY,  (Eq. (101))

We introduce the F operator function

F=(S.J_ +S_ J ) =J>—J*-25.J., (104)
which is easily shown to commute with +H81br and the

eigenvalues of which f(j,m) = (j — m)(j + m + 1) have
a fourfold degeneracy in the basis (103) the degenerate
states being

NI 0ljm)),  |=)[[v0]im + 1)),
N0l —m —=1)),  [=DI[w0lj —m)),  (105)
with m = —j,—j+1---j— 1. Next we build an su(2)(M)

algebra which is isomorphic to that of a spin 1/2 and with
generators:

1
——S.J,
VE T \/f

In particular we have, using our conventions for covariant
states [17]

M, = M_=—S_J,, M,=S5,. (106)

My |+))|[v0]jm)) = [=)|[v0]jm+1)),
My |=)|[v0]jm+1)) =0,
M_[=)|[v0]jm+1)) = [+))[[v0]j m)),
M_|+))|[v0]jm)) =0 (107)
The operator
1 1
A=8.+J. =8 = 5uls = 5(0: = oL2), (108)

sf, being the angular momentum of the doubly degen-
erate oscillator, has the eigenvalues A(m) = —(m + 3)
(resp. A(m) = (m + 3)) on the states |+))|[v0]jm)),
|=)[v0]jm+1)) (resp. [+))|[v0]j —m—1)), [=))|[v0]j —
m)), and commutes with the su(2)(M) generators to-

gether with +ﬁ8¢b7~ The latter can then be written as

+ 770
Hvibr h_

mb

+ B, {5\/]_-'(M+ + M)+ SZAMZ} . (109)

and diagonalized through a unitary transformation of the
su(2)(M) algebra. Explicitly, we obtain:

UTHY, U™' = h>\— + W22 2(F, A)S.,

(110)

mb
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where the operator function £2(F, A) is given by

QF,A) = %[}‘JrSfAQ]l/Q. (111)

Within basis (105) we thus have the doubly degenerate

eigenvalues (except for m = —1/2)
+ o X o
Ejmi = hfws(2.7 + 1) - hz + h)\in(.jvm)v (112)
with
Q:I:(ja m) = i‘Q(]a m)
) 071/2
=+ (G—m)(i+m+1)+62 <m+ 5)
1 -
=+ [(wFOwE+2) + (0 4+1)Y2 (113)
where we used [17] j = v/2, £ = 2|m|. The U~! operator
is given by
U™ = (I + kM) explk.M.J(I — kM_)
= (I —kM_)exp[—kM.J(I +k'My),  (114)
with
L L 20(F, 4) - 5, A
o
- 1/2
B QF,A)—6,4/2 (115)
| F,A) +6.472]
and
k. —In [ 20(7,4) ] (116)
QF,A)+6,4/2

Unsymmetrized cigenstates of TH?, (101) are next ob-

tained with U~! acting on the Sgéb&es (m: 5 —1---1/2
or 0) (105):
o) = U ) [0l m))
= cos[f(j, m)]|+))|[v 0]j m))
— sin[(j, m)]|))|[v 0]j m + 1))
) = U =) 0)im + 1))
= cos[f(j,m)]|-))|[v0]j m + 1))
+ sin[0(j, m)][4))|[v 0] m))
W = U ) 0)j —m— 1))
= sin[0(j, m)]|+))[[v 0j —m — 1))
— cos[0(j, m)]|-))[[v 07 —m))
B = U -) [ 0)j —m))
= sin[0(j, m)]|-))|[v0]j —m))
+ coslf(j, m)][+)|[ 07 —m — 1)) (117)
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with
| ~ 1/2
cosl6(j,m)) = | 20 2_(26(3(7:1; 1/2)/2]
| B 1/2
b — | 26 2+ !;S(Zj(n; )+ 1/2)/2] (118)
and

cos[f(j, m)] = sin[f(j, —m — 1)].

The associated symmetry adapted states are listed below
in the form
'[1 0]=1E,, [v0]j; 24, eyo>> (119)

with all phases settled so that under time reversal
K ‘[1 0] 1ET7 [U 0]]; Q:i:; ev0>> =

}[1 0]=1E,, [v0]j; 2+, T, 0>>

o {=2\m|=4q,4q+ 2

[L0]31E,, [ 0)j: 24, E,5)) = i+,

(L0 LB [0 0L @1, Br — o)) =030 o
[10]L1E,, [v0]j; 2_, ET5>> =t

[L0]A1E,, [v0]j; 2, B, — &) = —iv T &2

with (7,—a) = (1,2) (resp. (7,—07) = (2,1)) for £ = 4q
(resp. £ = 4q + 2).

e (! =2m|=4g+ 1,49+ 3

[LOJA1E,, [0 0)j; 24, 1)) = ﬂﬁ@;” +ron)
[LO21E,, [0 0lj: 24, ) = ——(+F) —+5®

2 T Jsdd4, L2 \/5 7 jm

) - AARPEEC ey
LOI31E,, [00)j; 2, 1) = = (Tl *00) )

. v -
(L0151, [00]j; 2, 1) = (")) + )
(121)

with I, Iy = By,By for £ = 4¢ + 1 and Ay, As for £ =
4q + 3.

Special cases

e For m = —1/2 the states in (105) reduce to two and we
have a degeneracy of one for the energy levels (112). In
these cases we may take

[10]51Ex, [v0]j; 2+, A1) = U =))I[v0]5 5))
[10]51E,, [v0]j; 2-, A2)) = " U~ +)|[v 0]j — 3))

e The states |+))|[v0]j 7))
|=NI[voli — 7)) = I[10]51

[10]51E,1))|[v0]j j)) and
20| [v0]j — 7)) which are

Dj Il
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uncoupled by Hil) (101) and also associated with the

ibr
zero eigenvalues of the F function (104) are eigenstates

of +H®

viby With eigenvalues

Az
tE; = ms(2j+1)+573. (122)

The corresponding symmetry adapted states are given by:
\[1 01, 005 B B )) = )00l )
018, (00 7By By — o ) = -0 - )

(123)
with & = 1 (resp. & = 2) for v even and j even (resp. j
odd) and
‘[10] 1E,, [v0]j; r1>> -
'u+1
(IO ) + 1-D0ls - )
‘[10] LE,, [00)j; r2>> _

%(|+>>|[v 0l75)) = 1=)lv0li =35)))  (124)

with I1 = By, I» = Bg (resp. In1 = Ay, I» = Ag) for v
odd and 2j =4q + 1 (resp. 25 = 4q + 3).

Case (b) “HY, (Eq. (102))

The eigenvalue equation for HSW (101) is solved with
a method similar to that used for +H'L(;)ib7"
introduce the F operator function

This time we

F=(S4Jy+8S_J ) =J>—J2+25.J., (125)
and the operator
_ 1 1

Both commute with ~H Sibr and the degenerate
states (105) are replaced by (m=—j,—j+1,---5—1)

|=Mv0lim)), [+))][v0]jm+1))

[=DI[w0l —m —=1)), [+)[[v0lj —m)). (127)
They are associated with the eigenvalues f(G,m) = (J -
m)(j+m+1) = f(j,m) of F and A(m) = A(m) of A.

The su(2)(M) algebra (106) is replaced by an su(2)(N)
one with generators

1
N+ = —_S+J+ s N_=—85_J_ s = Sz, (128)
VE 7
with which HUW can be written
~ S\Z
Hmb'r Hgib + hz

+ ), {%\/J__F(NJr +N_)+ SZZNZ} . (129)
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and diagonalized with a unitary operator U’ of the
su(2)(N) algebra:

AN
U'~HY, U~ = H, + h+ h2\. 2(F, A)S,. (130)
The operator function 2(F, A) is given by (111) with the
substitutions F — F and A — A. Within the basis (127)

we obtain the eigenvalues

~ . S\Z 3 .
TEjnt =hos(2j+ 1) + hZ + A 024 (5,m)  (131)
with 21(j,m) given by (113). The corresponding un-

symmetrized eigenstates of _ngbr (101) are obtained

with U’~! acting on the states (127) with U’~! deduced
from U~! in equations (114-116) with the substitutions
My — Ny, M, — N,, F— F and A — A. This leads to
states _W;:,)Li (¢ = 1,2) which can be deduced from those

+@()) | (117) with the substitutions

jm=
[)|[v0]j £ m)) — [+))][v
[FNw0]j = (m+1))) — [F)|[v0]j £m)).

cos[f(j, m)] and sin[(j, m)] are still given by (118). Like-
wise symmetry adapted states are obtained from those
in equations (120, 121) with the substitutions +W(1) —

0j £ (m +1))),

g;_](n’Zi’ +QA;J(2) _W( )i and with Fl = Al, FQ = A2
(resp. In = By, Ih = Bg) for v odd and ¢ = 4g + 1 (resp.

¢ = 4q + 3). The same rules apply for the special cases
considered in equations (122-124) with (122) replaced by

A
TE; =hog(2j +1) — h{j. (132)
All other cases Ay = +Ag, A, # 0 can be deduced from
the previous two with appropriate unitary operators so in
all cases the eigenvalues are identical. However for an easy
determination of symmetry adapted vibronic eigenstates it
is better not to choose them arbitrarily. We set (Eq. (92))
a%)

mbr( ﬁ’ )
( ﬁ’Y) mbr(m Y,z ) _l(a

U

vibr T

B,7)

= TAa[(Su Ty + S, J,) + ~—”§Zfz]

>/

= hXa[(8a Ty + 8, 7,) + 8- S 7., (133)

where T'(a, 3,7) is a unitary operator which performs the
change of reference conﬁguratlon (:L' Y, 2 ) (a B8,7). The

operators Wy = W, + zWy, W, (W S or J) still sat-
isfy the usual su(2) commutation rules [Wz, Wi] =+Wy,

[WJF,W,] = 2W, and W2 = W2. The normal covariant
standard basis is replaced by (w = 1/2 or j)

@) = T 67w m)),
W2lim)) = ww + 1w m)). (134)
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With the previous operators we have
Case (a)

~ ~ - 1 ~ ~ ~ o~ A~
+H3ibr(aa677):H8ib+h)‘a [§(S+J +57J+)+5ZSZ z

Case (b)

—ﬁsiw(a,a,wﬁ&ﬁnxa[ (8 Tot8.T)+8.8.7,

and the method used for (a

terms of Wi, W operators.
One may show that convenient choices are:

,3,7) = (x,y,2) applies in

o for (z,y,2) — (y,2,2): case (i)

T = Pr =exp [zg(sy + Jy)} exp [fzg(Sz +J2)
(135)
and

o for (z,y,2) — (z,2,y): case (ii)

T = Pp = exp [ig(sz + Jz)}

X exp [—ig(Sy + Jy)} exp [ig(sz + Jz)] (136)

and the electronic rotation amounts, within an overall
unessential phase, to a change from orientation I7 to ori-
entation I in case (i) and to orientation 111 for case (ii).
Thus the basis states (103) are replaced by:

—

|2)|[v0]jm)) = |[10]31E,0))|[w0]jm)) in case (i)
2 ([w0]j m)) = |[10141E,5))|[w0ljm)) in case (ii)

where we set for the rotated vibrational parts

—

[[v0]jm)) = exp (ngy) exp (—ngz) [[v0]jm))

_ zmzdm (3) Ilwolim),

(137)

and

-
j——

[[v0]jm)) = exp (ing> exp (—igJy)
X exp (z%]z) [[v0]im))
=3 eritmtmE g (g) [v0]jm’)). (138)

Thus the equivalents of the -eigenstates
case (a) are simply obtained with the

tions [£))[[v0)jm)) — |E)I[v0

1)) |[v 0] jm)) — |i>>|[vm>> in case (ii)). The same
rules apply for case (b). The symmetry adaptation is

(117) in
substitu-

/]j\m>> in case (i) (or
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then straightforward. We underline that this procedure is
preferable to a direct action of the rotation operators onto
the symmetry adapted states, for instance (120, 121), since
the R operations are not and cannot be elements of G.

For all cases considered in this section inclusion of
the b; mode amounts, within the considered order of ap-
proximation, to the replacement of fiw,(2j + 1) = hos(v+
1) by

1
EY., = hog (N’u+§ + hs(v+1)

_ p& +2) ;&s) (N + §)

(Ggr — @) 1
We %) (N 9y — =
th— YT

in equations (112, 122, 131, 132). The associated sym-
metrized vibronic eigenstates are built with

1
N*'UFZ',[]. 0]§1Era[vo]j;Aﬂ:aF;Fevaev>> =

(103155, [00Ljs A, 10 )
(139)

where AL = (24 or iEj. In the CGC 6 = 0, g or &
according to the case when I' = E,. (Tab. 2).

7.4.3 Eigenvalues and symmetry adapted states:
Aa=23=0, A, #0

Finally we consider the situation in which one of the effec-
tive coupling constants is preponderant which gives three
mathematically equivalent cases. For 5\7 = X, the interac-
tion operator in equation (89)

1
(111 p(,042) [ —11y,(1042) _ g 5 _QSZ oL,

represents the interaction between the electronic pseudo-
spin and the vibrational angular momentum of the twofold
degenerate oscillator. We thus have a zeroth order vibronic
Hamiltonian in the form

~ 1 A
Hgibr = mS/ (N;’ + 5) + MS(NS + 1) - h?Sz sgz-

The eigenvalues are most easily obtained if one uses elec-
tronic and vibrational functions for the s mode in the
standard «(2) D su(2) D so(2) chain:

N = Dyl 0lgme ) ol =

|N—UFi>

(105150 ) [0,
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1 -
Eyy = g (N —v+ 5) + higs(v + 1) + hX, mem

(@s + @5) 3
= - N —
L T3

(Dg — @) 1 P
s S (N—20—= |+ ~. (14
+h 5 V-3 h 5 (140)

For each value of ¢ = 4q,4q+2,4q+1,4q+ 3 there remains
a degeneracy of two. The symmetry of these degenerate
states is obtained with the symmetry rules given in (85)
with my = v, mg = 0 (j = v/2) and standard multipli-
cation rules. The associated symmetry adapted vibronic
eigenstates are given in Appendix D.3 in a form which
allows to take easily into account the neglected vibronic
terms in the Hamiltonian expansion.

The other cases Ay = Ag = 0, 5\7 # 0 in which the cou-
pling with one of the pseudo-spin components is strong are
solved using techniques similar to those in Section 7.4.2.
They can be seen as situations in which the contribution of
the term involving the symmetry of one active coordinate
dominates the other one.

Ay = Ay (resp. Ay = Ay) which corresponds to B, = By
(resp. By = Bs) in equation (89) give respectively with the
same assumptions

~ 1 -
HY, . = hiy (N;, + 5) +h@s (N +1) +hXg Sy, (141)

~ 1 ~

Although the vibrational operators .J, and J, cannot be
associated with vibrational angular momentum compo-
nents we can again take advantage of the su(2) proper-
ties to find both the spectrum and the symmetry adapted
states. With the same rotation operators as in equa-
tions (135-138) the states

N = 0 3) P01 31,0 [0 L ) —

N = o) |1051B e YOI (143
N = T3} Pre [L015100 o 0Ljm) =

IN—or) | o]%1E,.a>>|[vﬁ>> (144)

are unsymmetrized eigenstates of (141) and (142) respec-
tively with eigenvalues given by equation (140) with the
replacements X — Ay and A, — S\y Explicit expressions
of the symmetry adapted vibronic eigenstates are given in
Appendix D 4.

7.4.4 Correlations with previous studies

Some of our results can be related to those obtained in
a previous study of an F ® e case in Dy, molecules by
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Fig. 1. Vibronic energies for a E ® e system in Dy, (for v =4
and v = 5) as a function of « (see text).

Hougen [27]. The approximate models discussed in Sec-
tions 7.4.1-7.4.3 neglect vibronic interaction operators in-
volving the b; mode since these are at least of degree
four in the elementary creation and annihilation opera-
tors. As a result the F ® e, problem is recovered by set-
ting @y = 0 in the Hamiltonian expansions and in the
corresponding energy expressions. The associated symme-
try adapted states are obtained with the omission of the
kets [N —v(I})).

In the general case of arbitrary coupling constants the
energies, obtained through a first order perturbation cal-
culation, have been given in [27] up to v = 4. They can
be recovered from our model with equation (D.3) for the
matrix elements and equations (90, 91) with X, = 0. Re-
sults for higher v values can easily be obtained since from
the outset we work in a fully symmetry adapted basis
|¥) = |[10]31E,; [v0]jI; T'ey0ey)). This is illustrated in
Figure 1 for v = 4 and v = 5. The vibronic energies have
been calculated with parameters A\, /2 = (cos a + sin «)
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and A\, /2 = (cos a —sin «) in order to make the link with
previous results [27].

Special cases considered in [27] and associated with a
“Renner effect” [39] correspond to those studied in Sec-
tion 7.4.2. When A\, = A\, (\, = —\,) and \, = 0 if we
denote j, (j2) the elgenvalues of A=S,+J, (Eq. (108))
(A= -8, +J, (Eq. (126))) then:

z

1 1~
=--K, jl=-K
J 5K il =5k,

where K and K are the quantum numbers used in [27]2.

Direct comparison of (112), (113), (131) with equa-
tion (11) of [27] leads to
p’ 5
hos = hw (1 - 8h2w2) . hA\p = £2p.

We note that the energies in [27] are expressed in terms
of K and K; however these are no longer good quan-
tum numbers for symmetry adapted states (except for E,.
ones (120, 121)): the true conserved quantum numbers
are, besides the overall symmetry labels, {24.

The “accidental Born-Oppenheimer” cases discussed
in the last section of [27] correspond to A, = A, = 0 and
. = A\, = 0 of Section 7.4.3. As in Section 7.3 it is a situ-
ation where a relation between the effective Hamiltonian
approach and the traditional one can be established. We
start from the untransformed vibronic Hamiltonian (23)
written in terms of dimensionless normal coordinates:

H = Iws(Ng + 1) + A, Sy (sq ) x jq BB

A
= Lhwo(Ns + 1) + h2% 8,057 = .q'5%), (145)

V2
H = Ihwy(Ns + 1) 4+ hAy S, (s¢F) x oqFr))(B2)

= Lhws(N, +1) — h% Sy(sq"%?
Equation (145) (resp. (146)) uses orientation I (resp. III)
in which the electronic operator [1-Upg(2B1) — g
(resp. (1 -1 p(.2B2) — Sy) is diagonal and correspond re-
spectively to cases (iii) (resp. (iv)) of [27] with A\, =
4N2fhws/k (vesp. h\, = —4v2fhws/k) where f is the
vibronic coupling constant and k the force constant asso-
ciated with the e, mode.

In order to treat both cases simultaneously we set:

— g%, (146)

saf =T saf = TG (Bq. (145))
af =078 = b EY (Bq. (146))  (147)

where the notation for the symmetrized elementary op-
erators associated with mode e, is that of [17]. Equa-
tions (145, 146) can then be written

H, = hws(safsal + sa;sa2 + 1)

+h5a

22

2 The £ = 2m quantum number in [27] differs from ours
which is £ = 2|m)|.

Sal(saf 4 sa1)? = (saf + ca2)?], (148)
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with §, = A; or d, = —A, according to the case. As shown
in [31] the eigenvalues and eigenstates may be obtained
through a unitary transformation which is a product of
two one mode generalized Bogoliubov transformations

Ua)Bl_l (0a)

) 1
= hw,[1 + ——0,, 1/2 sats z
[ + \/ZUSO— ] a’l (l1+ 2
1
+ hws[1 — Ua]l/Q (Sa;_sa2 + 5)

Hg, = Bi(04)Ba(0a)HB; \(

da
\/§ws

_ h[Q+(0’a) '; Q—(Uoz)] (Ns + 1)
L plf24(0a) ; 2_(0a)] (saf sa1 — saf saz), (149)

where

5 1/2
24(00) =ws |1+ ——04 .
i( ) |: \/iws :|

Within bases |ni,n2)|£) the doubly degenerate eigenval-
ues are given by

1 1
En1n2 = hw-i— (nl + 5) + hw_ (’I’Lg + 5)

_pleste) ;“—) (04 1)+ =) ;‘*’—) (n1 — na),
(150)
with v = n1 + ny and where we set
wip =024 (+) =02_(-), w-=102.(-)=02_(+).

The corresponding degenerate states are for a = x

1 0]11E 1>>
1 0]21E 2>>

(n1 —n2)/2 and for a =y

ina, na)|4) = [ 07mY) '[1 01, 1>>
= [natna!] V2 (0T ) (0T 5)2 0, 0)
nz. ma) =) = [0 0]j —m) \[1 01 L1E, 2>>

= [n1lno!]12(s bHE ))"2( b+(E ) )™10,0)

with j = (n1 +n2)/2 and m =

o —

e} ) = [0 [ 01311 )

[nlan] 1/2( b+(E ))nl( b+(E ) nzlo 0> ‘[1 0]2 1E T>>7

)| = 1100 — i) 1101512 )

= [naIna!] 72 (b E Y2 (T EDym0, 0) ‘[1 0]-1E 2>>

—

where the states |[vm>> and |[vm>> are those defined
in equations (137, 138). Knowing that (sa) sa1—saj sas) =
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2J, (resp. (saf sa1 — saj saz) = 2.J,)) within orientation I
(resp. orientation IIT) and with the property

<ol ) (o)

straightforward identification of equations (141-149) leads

for a = x to:
st (1 ) (2]
2 V2w V2w,

5\;8 w+ a 3 |:< )\l ) 1/2 ( )\l ) 1/2:|
2z = =21+ —(1- .
4 2 2 V2w, V2w,

Likewise for o« = y with equations (142)-(149) the corre-
lation is given by the preceding equation with the substi-
tutions A\, — A, and A, — —A\,. Also with equation (150)
and equation (14) of [27] we find:

1 4f
+(1_?)
e | ws af\? af\?
I?{<H?> <1?> }

andws)\xwarfw = V2 ws.
The correlation between eigenvectors of
HO

b (141, 142) and those of H (145, 146) is ob-
tained with the expressions for the B;(o,) unitary
operators given in [31]:

N

(151)

are eigenstates of H (145, 146) with eigenvalues (150).
Various expressions can be given for these states; in par-
ticular they can be expressed in terms of generalized bo-
son operators obtained from the initial ones through the
Bogoliubov transformation:

tton) = 3 |wrton) - | e
+ [mr(oa) + m(l%)] i a+},
e (00) = 5{ 5 (00) = s |
+ [f@_(aa)—i— _(1%)] ei¢2sa;}, (152)
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with #2 (04) = [1 £ 0a0a/v2ws]'/2, which gives
Wit ) = 01, m2) 4 4)
= (natna!) T2 [oef (0)]" [ses (+)]72]0,0) 41 4+),
Zring—) = |nzna)-| =)

= (m!na!) "2l (<)) [sef (—)]™]0,0) | =)
(153)

We underline that in each subspace we have two different
vibrational ground states, made of two harmonic oscillator
squeezed vacuum states [37,38], and given in terms of the
initial ones by

|0,0)+ =NiN_ exp [—%(saff] exp {—%(sa;)Q] 0,0y,

10,0)- =N N exp [—%(saff] exp {—%(sa;)ﬂ 10,0),

where, setting k4 (+) = k- (=) = k4, k(=) = k_(+) =
K_, we have

ki —1 7 K2 —1
ngiK%r—f—l’ 5**[£27+1a
and
_ i(p1 + P2) 4Ry ko Yz
NM/QXP{ 2 ] [(Ki-‘rl)(IiQ-f—l)
— exp [i(% ;F ¢2)] (1—€2)/4(1 — 2 )14,

Also in order to take into account interactions with other
vibrational modes or molecular rotation care should be
taken since the sets {c;(%),c; (£)} are not independent
as it appears from equation (152). For completeness we
give below the symmetry adapted eigenstates

1
[1 0]§1E7‘; n1n2; LeyOey >>
of H (145, 146) obtained with the matrices for the ir-
rep E, [17] in orientation I when oo = = and orientation ITI
when a = y. The corresponding realization of the elemen-
tary boson operators is in each case that given in equa-

tion (147). All phases have been settled so that upon time
reversal

1 1
K ‘[1 0]§1E,«; ning; Fevaev>> = ‘ 1 0]§1E,«; ning; Fqueu>>-

Also we set below

el ol ()]
%2 = exp [z (nz + 1) d)l} exp [z <n1 + 1) ¢2:| .
2 2
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e X =1

1 L~
051 s B, )) = )

1 L~
‘[l Ofg LB mna: By = U>> = |Wy,m)  (154)

with (o, —0) = (1,2) (resp. (0,—0) = (2,1)) for n; and
ng even (resp. odd).

1 e o~ I
‘“ O s 3 ) = S (e o)+ T )
1 ei91 o o
‘[1 0] LEr; numa; F2>> = %(ewl Wi+ ) =€ Wnyna—))
(155)

with (Fl, FQ) = (BQ7 AQ) (resp. (Fl, FQ) = (Al, Bl)) for ny
even and ny odd (resp. n; odd and ng even).

ea=y

All results for this case are deduced from those in equa-
tions (154, 155) with the substitutions E,oc — E,¢ and
(Fl, FQ) = (Bl7 AQ) (resp. (Fl, FQ) = (Al, BQ)) for ni even
and ng odd (resp. n; odd and ng even).

8 Conclusion

Through several examples we showed that the effective
Hamiltonian approach combined with Lie algebraic meth-
ods allows to obtain exact solutions for various zeroth or-
der models to which additional higher order interaction
terms can next be added. Also the usual technique of pro-
jection of the eigenvalue equation onto separate pseudo-
spin subspaces is completely avoided.

In the following paper we will consider £ ® e JT dy-
namical systems for cases where [F x E| is of the A1 + F
type and the closely related G’ ® e case in cubic molecules.
Clearly many other JT molecular systems can be consid-
ered with a similar approach, a natural extension of our
work being *E terms.

Appendix A: Vibrational states and operators

Vibrational operators as defined in equation (14) are built
below taking into account that for the molecules consid-
ered in this paper we can restrict to oscillators with di-
mension at most equal to two. This covers the groups
Dy, Cpy, Dng (n even) in G 1y; Dpn, Dpa (n odd) in G(;ry;
groups in Gy are somewhat special since their full vi-
brational representation admits only E, (or E,,) modes
with » = 1. In view of our applications, detailed proper-
ties are given for operators involving at most two modes
in (14).

Results below are first given assuming matrices for the
irrep of type E in real form (orientation I of [17]). This
implies that all CGC may be taken real. We also use:

(- =-1, ()P =1 =1
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since A, is odd and B, By even. For FE symmetry we
choose in all cases (—1)F = 1. The modifications to bring
when we consider orientations IT or IIT of [17] are indicated
in Section A.3 of this appendix.

A.1 One mode operators
A.1.1 Non degenerate modes gs = 1

For a non degenerate mode with symmetry C' we simply
have the operator set

SXMO) = [ X (A1)

with C,, = Iy for n even and C,, = C for n odd. In (A.1)
we may take for ,X(¢) the normal coordinates ;Q(©)
or their conjugate momentum ,P(“), their dimensionless
counterparts 5¢(©), (p(©), annihilation ,a(®) or creation
saT(©) operators for mode s. We may build Hermitian
operators in normal form with:

VESHG = L O s ana O
+ (—=1)¢] gatm2(C2) 5 m(ED]CDY (A 2)

€ =0 (or 1) gives the behavior upon time reversal + (or
—). In particular when ny = no = n we have the scalar
operators

0 CnCn(FO) —
Yy =

2[ sa"l‘n(cn) X san(cn)](ro)

= 2N = 2N (N, —1)--- (N, —n +1).
The space of states is spanned by the kets

o T) = (1) ~2 [sa™(]"|0),
and for the matrix elements we have

W' I sty = (v | @™ )|’ )

1 )«
=eE F)( " Y e o)
v+ n)! 3
=5F’,Cn><r [(1)7,)} 5v’w+nv (A-3)

from which those of the general operators (A.2) are de-
duced:

<’Ul F/|§V0102(CI,)|UF> _ (v/ F/||EVCICQ(CU)||UF)

{n1}{n2} s ning

N

[vI(v + n1 —na)l
(v —ng)!

571/ ,U+nig—no

X 16 cyxr {

=

ol (v —n1 + n2)!]

=D (v —mnq)!

5v’,vn1+n2} - (A4)

In equations (A.3, A.4) we took into account that all CGC
can be chosen equal to one.
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A.1.2 Doubly degenerate modes g5 = 2

For a vibrational mode with symmetry Ej in G we take the
operators introduced previously [17] for the chains u(2) D
su(2) D so(2) or u(2) D su*(2) D G:

[ma *ng]vs%) or M *ng]v(ezza — [m *Tﬂy(jff). (A.5)

Depending on the chain used the space of states is spanned
by the kets

[[v0]jm)) or |[v0]jelo)),

and all matrix elements and properties have been given
in [17].

A.2 Two mode operators

In our applications of Sections 6 and 7 the vibronic terms
involve at most two mode operators. These are detailed
below for various possible cases.

A21 gs=landgs =1

Depending upon the case at hand we have several possi-
bilities. For operators based on coordinates and momenta
we can simply take (s # s’) (Eq. (A.1)):

SS/VC1C2(C1,) — [San(Cl) X S/Yn2(02)](0v)’

ning (A'6)
whose behavior upon time reversal is determined by the
choice for X and Y and the powers n;. We may also per-
form a coupling of the operators (A.2) built from creation
and annihilation operators:

et T ACICHCY) _ [ 1 Cr0a(Cra) & 1 CLCH(Cia)1(Cy)
o5 Vinmy = LVimyimay X Vi ingy 17

but the latter are not directly in normal form and not
convenient within a polyad scheme. If we define [19,40]

C1C2(C C C C
SS’Ajz_lnlg 2(C12) [ sa+n1( 1) % s,a+n2( 2)]( 12)7

and an identical expression in terms of annihilation oper-
ators we obtain normal ordered Hermitian operators with

V{Cq,}{Cé}(Cu) :ie{[ss/A+C1C2(C12) X g5

€ C1C5(C19)1(C,
ot {nq}{n;} Raveh AT 2 2 ]( )

nfnj
E/ Cic, Ci 1 1 v
+ (=1) [85,142,1"/2 2(Cra) o syAgﬂ%(C 2)](0 )} (A7)

where € = € + C12 + Cf5 + C,. All matrix elements can
be computed from those in equations (A.3) or (A.4).



380

A22g,=1and gy =2

Likewise we mainly have two solutions. Firstly through a
coupling of one mode operators defined in (A.2, A.5):

m V0102(C12)j5012(cu) _

ss/ Yminz2,mimsz

o (re1,C1Ca(C12)
UV

T (—1)f V0O lm2 —mily ()€} (A g)

S " nin

« [ma 772/2]]}(3’,60{2)](01;)

with g = € +e+j—¢/2, secondly with a construction simi-
lar to that of the previous section which leads to operators
in normal form. We set

» AFC1,3¢C2(Cr2)

nins [satm(CD) [”250/]‘/(%46'2)](012)7

and

ss’Agll}Lij2(012) _ [san1(Cl) « [0 722]‘/(]‘,602)](012),

from which we build:

7 V{Cijiei}{céjé‘e;}(cv) —
ss" "{ni}{n}

e +C1,j£C2(C12) C1,i'0'C5(C1y) (Cv)
¢ {[SSlAnlnlz X SS(Anllné ] 1

+ (_1)6’ [SSIAJFCLJJE'CQ(Cb) %

’ !
nyMng

s ASHCHC @),
(A.9)

with p =e+j—£€/2+j —0'/2 and € = e+ C12+Ci5+Cy.

A23 gi=2and gy =2

Similarly from the coupling of one mode operators (A.5)
we determine Hermitian operators (not in normal form):

p IS O (CL)
ss’ Pmima,miml, T

ge{[ lmr —maly(r) o Ima =maly, (77,00 (C)

—mly( e (Ca)y

+ (—1)€[ Ime —malp (et fma =
(A.10)

with p=e+j5—£/24+j5 —10'/2.
We can also define

A+j121017j22202(012) —
ss’' fning -

[n10]7/(41,61C1) o, [72 01y, (j2,02C2)1(C1z)
[ S V X s’ V ] 9
and

J1£1C1,52£2C2(C12) _
ss’An1n2 -

[ [0 —gl]V(jl H41C1) [0 *",2]‘/(3'2,@202)](012),
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from which we built setting jzelcz = jlélcl,jgégng

b U CHUECHC) _
ss’ " {ni}{nj}
,Z:E{[SS/A+jieiCi(Cl2) % SS/Aj;/e;/CYz{(Ci2)](Cu)
n

nin2 ny

€ j1€;CH(CY ji€; Ci (C1 v
(1) [or AT OO o ATECHORY(COY (A1)
with p =€+ 41 —01/2+ 5 —01/2+ jo — la/2+ j5 — /2
and 6/ = €+012 +C{2 +C7j

We note that when other degrees of freedom are in-

volved, the previously defined coupling schemes may be
modified.

A.3 Changing the orientation of an irreducible
representation

In a general way a change of orientation ¢ — k of an
irrep C' is performed through a unitary transformation:

T(KC) - <C>U5T(f),

where the quantities denoted T" may be tensor operators
or kets. When the transformation ()U is determined the
modification rules to be applied to the new symmetry
adapted quantities are easily obtained. For instance start-
ing from an Hermitian operator we have:

T(S)T - (C)U,Z*T(UC),
and under time reversal the new quantities transform as
KT = Quok, 79K,

For the cases considered in the paper, only E type irrep
are involved, and we have from [17]:

Oye

—5

Oyg* =

when going from orientation I to orientation II (k = 7)

and
(C)Ug* — (C)Ug

when going from orientation I to orientation III (k = 7).
So the modification rules are particularly simple to apply.

A.4 Coupling coefficients

For the groups and irreducible representations consid-
ered in our applications, Sections 6 and 7, we give in
Table 2 non-zero 3 — I' coefficients satisfying the usual
symmetry properties with respect to permutation of their
columns [41,42] with

(~D% = (-1 = (-1 = (1) =1, (-1)* = 1.

The associated CGC are deduced, for these cases, with

r
= [/ <U3 ?(’Té)F

o1 oy 04
(In Ip I3)’

o1 o2 (I73)

F
(In I) o3
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Table 2. 3 — I coefficients in various orientations.

Fl FQ Fg g1 g2 g3 3—F F1 FQ Fg o1 02 g3 3—F

E. E. A 1 1 1/v2 E. E. B 1 1 1/v2
I E. E A 2 2 1/v2 E. E. B 2 2 —1/v2
E. E. Ay 1 2 1/v2 E. E. B> 1 2 1/v2
I In Is 6 &2 63 3—0 It In I3y &1 &2 &3 3[—o
E. E. A 1 2 1/v2 E. E. Bi 2 2 —1/v2
II E. E. Ay 1 2 i/Y2 E. E. B> 1 1 i/V2
E. E. B 1 1 -1/v2 E. E. B 2 2 —i/\/2
I I Is &6 &2 63 3—0 It In Iy &1 &2 a3 3[—0o
E. E. A 1 1 1/v2 E. E. B 1 2 1/V2
III E. E. A 2 2 1/v2 E. E. By, 1 1 —1/V2
E. E. Ay, 1 2 1/v2 E. E. By 2 2 1/V2

where the 1 — I" symbol reduces to the identity except for Appendix C: Vibronic Hamiltonian

E,. irrep in orientation II for which it is for E® (bi + aj)
E. \ 5
co ) Yo C.1 Restricted expansion for the effective Hamiltonian
With —1 =2and =2 = 1. In all orientations we have The expansion (68) is restricted to terms whose total de-
(6=1,2): gree in annihilation and creation operators is at most
equals to four. The indices s, s’ refer respectively to the b;
F =F =F =1. , )
(AZ A'L Al) (BZ BZ Al) (Bl 32 AQ) and Clj modes
% g 7C:Ci(A1) 07,CiCi(A1)
Appendix B: Effective Hamiltonian Hyivy = fe{ ;12 Fintiny SVon 3t

for E ® (bl —I— bz)

The expansion (32) is restricted to terms whose total de-

7C;C(A1) 0 1,C;C;5(A1)
t sty ngy o Ving ng)
7A1AL A1 A1 (A1) 0 (,A1A1 A1 A(Ar)

gree in annihilation and creation operators is at most + ot ,
equals to four. The indices si, so refer respectively to (203402} s " {20402}
the by a.nd ba a(.:tive modes and the operators are those FBiAs BiA; (A1) 0 |/ BiA; Bidy(A1)
defined in equations (A.2, A.7). t st ss’ V{11}{11}
7o 7C1C1(A1) 0 17C1C1(A1) 1-1] (1,28 7B; A1 A1A;(Bi) 0 y,BiA1 A1A;(Bs)
o _Ie{ Dol 9Vt I k){ss’t{w}{m} T s Voo
n=0,1,2
{C2CQ(A1) 0 C2C2(A1) + S/{AlAl B;A;(Bk) 0 VA1A1 B; A;(By)

T s {n2}{n2} s2 " {n2}{n2} {20}{11} ss’ Y {20}{11}
7A1AL A1A1 (A1) O A1A; A1 A1(Ar)
+ oot 5155V ~A1 Ay B;A;j(By) 0 1,A1A1 BiA;(By)
s7¥{20}{02} 2 " {20}{02} 4 ss/t{()Q}{ll} i (DK ss"/{()Q}{11} i (Bk

+B1Bs B1Ba(Ay) 0 B1 B3 B1B2(A1)
T oastnn) o ss V1) }

n [I_I]E(1’0A2){ FB1AL A1By(A2) 1 1, BiAL A1Bs(A2) C.2 Matrix elements in the coupled basis
s1s2V0101{01} s1s2 ' {10}{01}
+A1A; B1Ba(A A1A; B1Ba(A g .
+ st {201 {11) 2 2)sfwV{zo}{u} 2(42) Within the coupled basis
7A1A1 B1B2(A2) 1 y,A1A1 B1B2(A2) 1
+ sis2 02y (113 s1s2V{02}{11} } [1 0]§1Er7 (vIi, N —vl})Ty; Ergev> = |{vw}l‘p(f;y)>7
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the matrix elements of the zeroth-order model in equa-
tions (69, 70) are given within the polyad N by

<{vev}¢(E )|H(O) |{vw}g;

< 1 1
[l (o4 B) e (- )]

1)k+15\(_1)n’ F,é/ Er Er
72 L E- T By

X {[(v F 1)V = 0)] 360041 + [0(N — v+ 1)]

W)=
Oev | 7 5051},0

+ h(—

+

B I T
A; I T
B, I, I,
vv1i|

Most selection rules are contained in the 6 — C and 9 — C
symbols of G. The usual rule o., = o7, linked to the A;
symmetry of Hamiltonian terms implies that the matrix
to diagonalize is of dimension N + 1.

C.3 Symmetry adapted eigenstates for I:I‘(,?b)r

The vibronic Hamiltonians (71, 74) are respectively trans-
formed as

U0ads)H i, Uloads) ™ = VHyg),
= hiXo + hW(N +1) + h2(0a) Tz,
U'(0a i) Hip, U' (00 T5) ™" = V' HLY)
= hdo + ﬁ%w +1) + h2(0a)J., (C2)
with ~
Q(0a) = [N + (@5 — @s)2Y2.
The operator U(o,Jg) is given by
U(oaJg) = exp [M gaJJr} exp {ln (Qigw0> JZ}
0 —
X exp {—(7@ an_}
A
= exp|2i€oaJy], (C.3)

where we set wg = @5 — Wy and with

- (Q*WO)
tané = —5

ose 2+ wo 1/2
20 '

For the U'(0q.Jj;) operator we have

930 o

(2 —Xow) J,]

U'(0aJj) = exp

2 )J}
Q+No,) °

X exp |—
wo

= exp[2i€' ;]
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with

1/2

— Ao

wo

Q—l—j\aa

[e] ’
, cos& = 50

tan&’ =

Eigenstates for the Hamiltonian I?gibr (70) are obtained

starting from the vibronic bases

051 B0 I Olim (T, 110151500 [V Oljm))

(orientation I) when B; x A; = By, = By
and o, = (orientation IIT) when B; x A; = By =
Bs. |[N0]jm(I))) (resp. |[N 0]jm))’) are u(2) D su(2) D
s0(2) covariant states built With the sets af = ,at(Bi)
ag = gatA) (Eq. (39))(resp. ¢f , c¢f (Eq. (43))).

From the expressions of the U(oaJg) and U'(0aJj)
operators (C.3, C.4) we obtain unsymmetrized eigenstates

=152
=12

nogie oe>>|[No1jm<oe>>>
~ Uloada) ™ [10151E . ¥ 0 ()

= exp[—2i€oqJy]

— Zd(]) /

L0l 1E, ae>>|[N olm (1))

o’eJrl)

L0 1E ae>>|[No1jm'<r;>>>,
(C.5)

Likewise from U’(c,J)) we obtain the eigenstates in the
form:

L0 1LE . )N 0m(62))

=U'(oadp) "

L0 1E oe>>|[No1jm>>'
= exp[—2i¢'J,]
_ Zd(]) ’ /

with 0, = 0} (0, = 05 = 7 —67) when 0, =1 or oo = 1
(0e =2 or 0, = 2) and

g 01—1Erae>>|w olm))
o) |05 DN Ol (9

. wo
sinf, = —.

71 oe+1
( ) ? e Q

I
cosf, =

D>
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Next symmetrized vibronic eigenstates are obtained
from (C.5, C.6) with the method presented in [17]:

‘[1 o]%wm [N 0]jm(0.); Ea>> _

P(7)

[1031E0) [N 0Lim(6.) ). (€7

or
1 !
‘[1 0]§1E,«7 [N 0]jm(6.); E,.Uev>> =

e L0131 E 0 )Y O]jm<eg>>>'. (€3)

The phase factors in (C.7) are given below for the various
cases:

(Bia AJ) ] 96 Oc¢ Oey eicp(‘r)
(B1,A;) integer and 6 1 1 (=1)i—™
half-integer —6; 2 2 1
(B2, A3)  integer 6 1 1 (=1)yi—m™
-0 2 2 1
half-integer 6; 1 2 -1
—00 2 1 (=17 (o)
(Ba, A1) integer and 6; 1 1 (=1)27™
half-integer —6, 2 2 1
(By,Ay) integer 6, 1 1 (—=1)i—m™
0, 2 2 1
half-integer 6 1 2 -1
—0, 2 1 (—1)—m™

For the phase factors in (C.8) we have ¢/ (7") = ¢##(7) a5
given in (C.9) with the substitutions #; — 6} and —6; —
w— 0.

Appendix D: Vibronic Hamiltonian
for E, ® (b; + e,)

D.1 Restricted expansion for the effective Hamiltonian

The expansion (86) limited to terms with n; +n; = nj +
n; < 2 writes Hyipr = Hyip + H ;. with:

ibr

"{nit{n} 8 {niH{ni}

n=1,2

Hyi = Ie{IU + Y LG oy liciiay

70,041 (A1) [1 — 0,04 70,041 (A1)[2 —2]75(0,0 A
+ St{l}{i} Ut Sl]V( 1) 4 st{2}{;} V[ X Ip( 1)

72,0A1(A1)[2 —2]7,(2,0 A 72,4A1(A1)[2 —2]7,(2,4 A
ol PIIVEO £ g

4, 10041 411041 (A1) 0 1,A410041 411041 (A1)
851{20}{02} s's ¥ {20}{02}

~Bi11E, B; 21EL(A1) o {,Bii1Ex B;31E, (A1)
sty ssVinfmy }
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vibr T

= [11]E(1,0A2){ sfﬁ()}f{xi%fxz)[1;1]v(1,0m)

71,042(A2)[2 —2],(1,0 A>)
sty sV

"'Bm % 1Ek Bm%lEk (A2)

1
+ S/St{u}{u} s's

Bi11E; B;$1E;(A2)
Vit P |

[1-1] (1,2B:) 71,2B¢(B¢)[1 —1]y,(1,2 By)

71,2B¢(B¢)[2 —2 1,2 By
Tl SV

sA100A1 A112B4(B:) 0 1,A100A1 A112B,(B;)
+ ssliaoy o2y vsVi20102)

~B;31E, B;11E,(By) ¢ {,Bix1E, B;11E,(By)
+ sty ssVinjany :

D.2 Matrix elements in the coupled basis

We give below the matrix elements for the various opera-
tors in HY, ~(89) within the coupled basis

vibr
1
@) = |[1 O]§1ET; (ver Iy, [0 0]4T) Iy Feyoey>>,

using the simplified notation
O'Uib"' = [E(C) X [S’V(Al) X sV(C)]](Al)a

for the vibronic operators. With equations (9, 10) we
obtain

(W' Ovitr |#) = 011, 1., 00, 000 O, v, 01y, 1,007 0

L I'E,. T,
A R H

rrr; 1 1

(00 T4l VO oy 1) (0 01TV 01 eD).
(D.1)

Special cases

e F©) = Ie(Al)7 SV(©) = 1(A1) that is for operators in-
volving the b; mode only we have (Eq. (A.4)), omitting
the Kronecker symbols
0| Ouine|7) = (@] WV )
e (US’F'LHS/V(AI)HUS/F’L) = 2

"Usl!
(vy — )l

o B = IéAl), g VA = [ T(A) that is for operators
involving the e, mode only:

E—k]y (ke
1O |) = (@' VL 1)
= [F]—l/g([v 01j¢'I||s VA9 [w0jer),
where the reduced matrix elements, as well as those of
the electronic operators E(©), can be obtained from the
results in [17].
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o V(O =, [(A1) that is for vibronic operators involved
in (91)

<Wl|o'uib7'|gp> = 6F’ Tey 50’

ev?” € ev

’ FI E7‘ Fev Fé Fl F’L
x (=1)Fe () {E’; I, C }{ rT, C}

1 1
< (og1E 5oz,

,Tew 611;, g 61“{,1} 51}’,1}

x ([v0]¢ IV [ 0]jeT). (D2)

We note that in the special case I; = A; the preceding
equation reduces to:
<Q7I|Ovibr|g7> =0rs, ., u(sa’

evrt € e

I'" B, T,
< (cpreree L0 T

yi0e00' 0, 0 O, 00 I

1 1
« (oigiE oz,

x ([p0l¢'T'|[;VO|[woljer).  (D.3)

This gives, within the same assumptions, all matrix ele-
ments for an F, ® e, case with basis states of the form
@) = |[10]31E,; [v0]j0I; Tepoey)).

D.3 Pseudo-spin vibration interaction

The operator considered as dominant in Section 7.4.3
writes

71,0A2(A2) [1—1 1,042)[1 —1]y,(1,0 A2) __
st{ll}2 2 ]E( 2l s]v( 2)7

B\, S, J, = —R%SZ o,

Its eigenvalues in the unsymmetrized standard basis are
obtained from:

5.7, [10]me. [0 0Ljm J) = \[1 Ol gm0l )

— sl ‘[1 0] . [vO]jm>>.

The space of states can thus be divided into two subspaces
H and H_ associated respectively with eigenvalues +£/4
and stable under the action of the elements of the molecu-
lar point symmetry group G. For the basis vectors in H
we set:

11 l
_Z 2\ — ()
‘[10]22,[U0]j2>> P+

103~ 5.0l - 5 )) = D

2’ 2

and for those in H_

05 5.00 — 5 )) = Do,
05 - 3.0l )) = e

The European Physical Journal D

and we note that under time-reversal we have K (F)p, =
Hep_and K (7)<p+ = (5)_. Using the methods described
in [17] we build the symmetry adapted states in orienta-
tion II listed below in the form

1 0]%113?,«7 [v0]j¢; &, Fa>>,

where k = =£1 is associated with the eigenvalues +¢/4
of S,J,. All phases have been settled so that under time
reversal

K ‘[1 05 Br, 0L r&>> _

‘[1 0]%&, [v0)jt;k, I — a>>

o/ =4q,4q+2
I[1 0]%1E,.7 [v0]¢; +, E,5)) = i"Hp,
[LO31E, [o0lits+, B = o)) =P
[L0]31E,, [v0]j6; —, Eya)) = i* T,
I[1 0]%1E,.,[v0]j€; ,E. — 7)) = 4o )go

where (5, —7) = (1,2) for £ = 4q and (7,—5) = (2,1) for
{ = 4q+ 2. In the special case £ = 0 only states + or — in
equation (D.4) are retained.

o (/=4g+1,4¢+3

. Z'v—i—l
[LO]31Ex, [v0]j6; +, I1)) = W(H)QDJF + @)
. 1
|[1 0]%1Er7 [’U O]]£;+7F2>> == _2((+)<,0+ — (Jr)(p,)
v+1

[LO141E,. [w0]jts —, I7)) =
[LO[31E,, w0l —, T8) = —=(Tps — D)

with F17F2,F117F2l = Bl,BQ7A1,A2 for ¢ = 4q + 1 and
Al, AQ, Bl, BQ for ¢ = 4(] + 3.

The complete vibronic eigenbasis, including states as-
sociated with the b; mode, is obtained with

1
‘N—vl}; 1 0]§1E,.7 [v0]j¢; &, F;Fevaev>> =

7 (lew)

) s

1 0]%1Er, [v0]¢; nf5>>.
(D.5)

When N — v is even we simply have
1 , _
‘N —v A1 O]§E,«7 [UO]jé;/@F0>> =
1
‘N —vAp;l 0]§ET, [v0]7¢; nF;F5>> N — v even,

since all CGC equal one. When N — v is odd I'; = B; and
the states are obtained with the values of the CGC given
in Table 2. We note that the transformation (D.5) reduces
in all cases to a phase (no & summation).
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D.4 Symmetry adapted states for other cases

For an active coordinate with symmetry By the operator
considered as dominant in Section 7.4.3 writes

Sﬂl{fﬁl(&) [1-1] p(1,2B1)[1 —Sl]v(1,2B1) _ 5\me .

We know that within orientation I the symmetry adapted
electronic states are eigenstates of 1 ~UE(1:251) = g .

[10] 1E a>> = %(4)”*1 [10] 1E a>> o=1,2,

and that the rotated states |[v0]jm)) given in equa-
tion (137) are eigenstates of J;. The space of states is
again split into two subspaces Hy and H_ associated re-
spectively with eigenvalues +¢/4 of S, J,. For the basis

vectors in H4 we set:
o .
[v 0]]§>> = Mg,

S

'[10] 1E, 1>>
‘[1 0]11E 2>>

and for those in H_

‘[1 0]21E 1>>
‘[1 0]21E 2>> [u;]g» =g .

Under time reversal we have K(Hgy = ¥ HGL and
K GL = v ()GL. The associated symmetry adapted
states are listed below in the form:

‘[1 0]%E,., [ 0L 5, ra>>,

with k = £1 associated with the eigenvalues ££/4 of S, J,;.

e v even (j integer)

04 B, [0ljt; +, Eyo)) =i (M5,

[t
(MO, [o0ljti+ B =)y = D
[L0)3 B, [00)j6; —, Bro)) =7 (D)@, '
1013 E,, [v0]j6; —, Er — o)) =4 (D

where (0, —0) = (1,2) for j+£/2 even and (0, —0) = (2,1)

for j 4 ¢/2 odd. In the special case £ = 0 only states + or
— in equation (D.6) are retained.

e v odd (j half integer)

O3By, [00lj6 413 )) = Z(0p, + 5.
03B 006+ ) = (95— )
03B 06— ) = S+ )
1013 03651 ) = (O = Oy @)

385

with Fl, FQ, Fll, FQI = Bg, A27 AlBl for ] + 6/2 even and
Fl,F27F1/,F2/ = AI,BI7BQ,A2 fOTJ+€/2 odd.

In a similar manner for an active coordinate with sym-
metry By the operator considered as dominant is

51,2€31(B2) (1 1] p(1,2B2)[1 ;”V(LQ Bs) _ S\ySy Jy.

st

Within orientation III the symmetry adapted electronic
states are eigenstates of 1 ~Up(1.252) = g .

S, |1 0] IE 0>> - %(71@1

[10] 1E a>> =12,

and the rotated states |[v0]jm)) given in equation (138)
are eigenstates of J,. As previously the space of states
can be split into two subspaces H, and H_ associated
respectively with eigenvalues £¢/4 of S, J,. For the basis
vectors in Hy we set this time:

1. - ‘ ~
‘[1 0]§1ET1>> [UO]]§>> =Wg,
1 T
2 _EW w3
o158 oy - 5 ) =3
and for those in H_
1 = /\f I\
nopsI)woi- 3 ) -2,

10/215,2 [uo]jf =3 .
o) ol )

With the same techniques as previously one builds sym-
metry adapted states

‘[1 0]=1E,, [v0]j¢; F0>>

the expressions of which can be deduced from those in
equations (D.6, D.7) with the substitutions

D5~ ©5,, 55
and for the cases in equation (D.7) I'y, Iy, I], Iy = By, Aa,
Ay, By for j+£¢/2 even and Iy, Iy, I, Iy = A1, Ba, By, As

for j+ ¢/2 odd.

For both cases just treated inclusion of the b; mode
can be made with equation (D.5) with F' coefficients in
the appropriate orientation.
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